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Abstract 

The aim of the present paper is to bridge the gap between the Bakry-Emery and 
the Lott-Sturm-Villani approaches to provide synthetic and abstract notions of lower 
Ricci curvature bounds. 

We start from a strongly local Dirichlet form £ admitting a Carre du champ V in 
a Polish measure space (X, m) and a canonical distance dg that induces the original 
topology of X. We first characterize the distinguished class of Riemannian Energy 
measure spaces, where £ coincides with the Cheeger energy induced by and where 
every function / with r(/) < 1 admits a continuous representative. 

In such a class we show that if £ satisfies a suitable weak form of the Bakry-Emery 
curvature dimension condition BE(i^, oo) then the metric measure space (X, d,m) 
satisfies the Riemannian Ricci curvature bound RCD(K, oo) according to [5], thus 
showing the equivalence of the two notions. 

Two applications are then proved: the tensorization property for Riemannian 
Energy spaces satisfying the Bakry-Emery condition BE(-fT, N) (and thus the corre- 
sponding one for RCD(A', oo) spaces without assuming nonbranching) and the sta- 
bility of BE(if, N) with respect to Sturm-Gromov-Hausdorff convergence. 
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1 Introduction 

The aim of the present paper is to bridge the gap between the Bakry-Emery and the 
Lott-Sturm-Villani approaches to provide synthetic and abstract notions of lower Ricci 
curvature bounds. 

The Bakry-Emery condition BE(A', N): Dirichlet forms and T-calculus 

The first approach is based on the functional T-calculus developed by Bakry-Emery since 
[8], see (HE). 

A possible starting point is a local and symmetric Dirichlet form £ on the measure space 
(A, S,m) with dense domain -D(£) C L 2 (A, m), and the associated Markov semigroup 
(Pt)t>o on L 2 (X,m) with generator A £ (general references are [18], [291 [12]). I n a suitable 
algebra A of functions dense in the domain D(A^) of A £ one introduces the Carre du 
champ 

T(f,g):=^ (A & (fg) - fA E g - gA & f) , f,9 e A, 
related to £ by the local representation formula 

£(/,<?)= / T(f,g)dm for every f,g £ A. (1.1) 
Jx 

One also assumes that A £ is a diffusion operator, i.e., with the notation r(/j := r(/, /), 
it holds 

A £ 0(/) = 0'(/)A £ / + 0"(/)r(/) for every f £ A, G C 2 b (R). 

The model example is provided by a smooth Riemannian manifold (M d , g) endowed with 
the measure m := e~ v Vo\ g for a given smooth potential V : M d — > K. In this case one 
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typically chooses A = (M d ) and 

£(/,(/) = f (Vf,Vg) g dm, so that r(/) = | V/|J and A £ = A g - (W, V-) g , (1.2) 

Ju d 

where A g is the usual Laplace-Beltrami operator on M. This fundamental example shows 
that T carries the metric information of M. d , since one can recover the Riemannian distance 
d g in M. d by the formula 

d g (x,y) = sup jV'(y) - ■ i/) G A, T(^) < l| for every x, y E M d . (1.3) 
A further iteration yields the T 2 operator, defined by 

2r 3 (/) = A e r(/)-2r(/,A £ /) feA. (i.4) 

In the above example Bochner's formula yields 

r 2 (/) = ||Hess g /||^+ (Ric g + Hess g V)(V/, V/), (1.5) 
and one obtains the fundamental inequality 

r 2 (/)>i^r(/)+i(AJ) 2 for every f E A, (1.6) 

if the quadratic form associated to the tensor Ric g + HesSgV is bounded from below by 
Kg + jfZdVV ® W for some i^Gi and N > d. When V = it is possible to show that 
(M d , g) has Ricci curvature bounded from below by K iff (jl.6p is satisfied for N > d. 

It is then natural to use ( II. 6p as a definition of curvature-dimension bounds even in the 
abstract setting: it is the so-called Bakry-Emery curvature-dimension condition, that we 
denote here by BE(K, N). 

One of the most remarkable applications of (I1.6P is provided by pointwise gradient 
estimates for the Markov semigroup (see e.g. [5] for relevant and deep applications). 
Considering here only the case iV = oo, ( II. 6p yields 

r(P t /) <e- 2Kt P t (T(f)) for every f E A, (1.7) 

a property that is essentially equivalent to BE(K, oo) (we refer to (13] for other formulations 
of BE(J^, N) for Riemannian manifolds, see also the next Section 12. 2j) and involves only 
first order "differential" operators. 

Up to the choice of an appropriate functional setting (in particular the algebra A and 
the distance d associated to T as in ( II. 3p play a crucial role), T-calculus and curvature- 
dimension inequalities provide a very powerful tool to establish many functional inequalities 
and geometric properties, often in sharp form. 
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Lower Ricci curvature bounds by optimal transport: the CD(K, oo) condition 

A completely different approach to lower Ricci bounds has been recently proposed by 
Sturm [391 SO] and Lott-Villani [2H]: here the abstract setting is provided by metric 
measure spaces (X, d,m), where (X, d) is a separable, complete and length metric space 
and m is a nonnegative a-finite Borel measure. Just for simplicity, in this Introduction 
we also assume xa(X) < oo, but the theory covers the case of a measure satisfying the 
exponential growth condition m(B r (x)) < M exp(cr 2 ) for some constants M,c > 0. 

The Lott- Sturm- Villani theory (LSV in the following) is based on the notion of displace- 
ment interpolation [30], a powerful tool of optimal transportation that allows to extend the 
notion of geodesic interpolation from the state space X to the space of Borel probability 
measures <^2(AT) with finite quadratic moment. Considering here only the case N = oo, a 
metric measure space (X, d,m) satisfies the LSV lower Ricci curvature bound CD(K, oo) 
if the relative entropy functional 

Ent ro (/i) := / /log /dm, \i = fm, (1.8) 
Jx 

is displacement i^-convex in the Wasserstein space (^(X), W<i) (see [121 G] and the next 
§3.ip . This definition is consistent with the Riemannian case [H] and thus equivalent to 
BE(J^, oo) in such a smooth framework. 

Differently from the Bakry-Emery's approach, the LSV theory does not originally in- 
volve energy functionals or Markov semigroups but it is intimately connected to the metric 
d (through the notion of displacement interpolation) and to the measure m (through the 
entropy functional (jl.8p ). Besides many useful geometric and functional applications of this 
notion [271 Ell US], one of its strongest features is its stability under measured Gromov- 
Hausdorff convergence [T7J, also in the weaker transport-formulation proposed by Sturm 
[39]. 

Starting from the CD(K, oo) assumption, one can then construct an evolution semi- 
group (H t ) t >o on the convex subset of &2(X) given by probability measures with finite 
entropy [19]: it is the metric gradient flow of the entropy functional in &2{X) [2]. Since 
also Finsler geometries (as in the flat case of M. d endowed with a non-euclidean norm) can 
satisfy the CD(K, oo) condition, one cannot hope in such a general setting that H t are 
linear operators. Still, (H t ) t > can be extended to a continuous semigroup of contractions 
in L 2 (X, m) (and in any L P (X, m)-space), which can also be characterized as the L 2 (X, m)- 
gradient flow (Pt)t>o of a convex and 2-homogeneous functional, the Cheeger energy [T¥j . 
[31 §4.1, Rem. 4.7]~ 

Ch(/) :=inf (liminfj / |D/ n | 2 dm : f n G Lip 6 (X), /„ ^ / in L 2 (X, m)) (1.9) 

l. n->oo 2 Jx ) 

(here |D/ n | is the local Lipschitz constant, or slope, of the Lipschitz function /, see §3. 1 [) . 

The remarkable identification between (Hf)f> and (Pt)t>o has been firstly proposed and 
proved in Euclidean spaces by a seminal paper of Jordan-Kinderleher-Otto [23] and 
then extended to Riemannian manifolds pSl H2], Hilbert spaces [6], Finsler spaces [3Tj . 
Alexandrov spaces [21] and eventually to CD(K, oo) metric measure spaces [3]. 
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Spaces with Riemannian Ricci curvature bounded from below: the RCD(A, oo) 
condition 



Having the energy functional ( 11. 9ft and the contraction semigroup (Pt)t>o at our disposal, 
it is then natural to investigate when LSV spaces satisfy BE(A', oo). In order to attack this 
question, one has of course to clarify when the Cheeger energy (11.91) is a Dirichlet (thus 
quadratic) form on L 2 (X, m) (or, equivalently, when (Pt)t>o is a semigroup of linear oper- 
ators) and when this property is also stable under Sturm- Gromov-Hausdorff convergence. 

One of the most important results of [5] (see also pQ for general u-finite measures) is that 
CD(A', oo) spaces with a quadratic Cheeger energy can be equivalently characterized as 
those metric measure spaces where there exists the Wasserstein gradient flow (H t ) t > of the 
entropy functional (11.81) in the EVI^-sense. This condition means that for all initial data 
fj, E &2(X) with supp \i C suppm there exists a locally Lipschitz curve 1 i— y H t fj, E £P 2 (X) 
satisfying the Evolution Variational Inequality 



dt 2 2 



Wa (H t /x, v) + Ent m (H t /i) < Ent m (i/) for a.e. t E (0, oo) (1.10) 



for all v E ^{X) with Ent m (^) < oo. 

Such a condition is denoted by RCD(A, oo) and it is stronger than CD(A, oo), since 
the existence of an EVIx flow solving (ll.lOp yields both the geodesic A-convexity of the 
entropy functional Ent m [15] and the linearity of (Ht)t>o Thm. 5.1], but it is still stable 
under Sturm-Gromov-Hausdorff convergence. When it is satisfied, the metric measure 
space (X,d,m) is called in [5] a space with Riemannian Ricci curvature bounded from 
below by A. 

In RCD(A, oo)-spaces the Cheeger energy is associated to a strongly local Dirichlet form 
£ch(/, /) : = 2Ch(/) admitting a Carre du champ Y. With the calculus tools developed in 
[5], it can be proved that V has a further equivalent representation r(/) = |D/|^ in terms 
of the minimal weak gradient \Df\ w of /. The latter is the element of minimal L 2 -norm 
among all the possible weak limits of |D/ n | in the definition (II. 9p . 

It follows that £ch can also be expressed by £ch(/, /) = J x |D/lwd m anc ^ ^ ne set of 
Lipschitz functions / with j x |D/| 2 dm < oo is strongly dense in the domain of £ch- hi 
fact, the Dirichlet form £ch enjoys a further upper-regularity property, common to every 
Cheeger energy [U §8.3]: 

(a) for every / E D(8.) there exist f n E D(E) fl C&(X) and upper semicontinuous bounded 
functions g n : X — > R such that 

r(/ re ) < gl fn f in L\X,m), limsup / g 2 n dm < £(/,/). (1.11) 
From RCD(A,oo) to BE(K, oo) 

The previous properties of the Cheeger energy show that the investigation of Bakry- Emery 
curvature bounds makes perfectly sense in RCD(A, oo) spaces. One of the main results 
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of [5] connecting these two approaches shows in fact that RCD(K, oo) yields BE(K, oo) in 
the gradient formulation ( I1.7P for every / £ -D(£ C h)- 

In fact, an even more refined result holds [5l Thm. 6.2], since it is possible to control 
the slope of Ptf in terms of the minimal weak gradient of / 

|DP t /| 2 <e- 2/a P t (|D/p whenever / £ D(£qi)) |D/U e L°°(X, m), (1.12) 

an estimate that has two useful geometric-analytic consequences: 

(6) d coincides with the intrinsic distance associated to the Dirichlet form £ch (introduced 
in Biroli-Mosco [10], see also [371 [38] and [36]), namely 

d(x,y) = sup{^( 2 /)-^(x):^£ J D(£ C h)nC 6 (X), r(^) < l} x,y e X. (1.13) 

(c) Every function ^ £ £)(£ch) with r(^>) < 1 m-a.e. admits a continuous (in fact 1- 
Lipschitz) representative ip. 

From BE(AT, oo) to RCD(K, oo) 

In the present paper we provide necessary and sufficient conditions for the validity of the 
converse implication, i.e. BE(K, oo) =>- RCD(A', oo). 

In order to state this result in a precise way, one has first to clarify how the metric 
structure should be related to the Dirichlet one. Notice that this problem is much easier 
from the point of view of the metric measure setting, since one has the canonical way (jl.9p 
to construct the Cheeger energy. 

Since we tried to avoid any local compactness assumptions on X as well as doubling 
or Poincare conditions on m, we used the previous structural properties (a,b,c) as a guide 
to find a reasonable set of assumptions for our theory; notice that they are in any case 
necessary conditions to get a RCD(i\", oo) space. 

We thus start from a strongly local and symmetric Dirichlet form £ on a Polish topo- 
logical space (X, r) endowed with its Borel er-algebra and a finite (for the scope of this 
introduction) Borel measure m. In the algebra Voo := D(E) fl L°°(X, m) we consider the 
subspace of functions / admitting a Carre du champ r(/) £ L l (X, m): they are 
characterized by the identity 

£(/,iV)-i£(/ 2 ,^)= I r(i>dm for every V £ V*,. (1.14) 

We can therefore introduce the intrinsic distance as in (b) 

d E (x,y) := sup {^(y) - ^(x) : ^ £G oo nC(X), r(^) < l} x,y £ X, (1.15) 

and, following the standard approach, we will assume that de is a complete distance on X 
and the topology induced by de coincides with r. 
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In this way we end up with Energy measure spaces (X, r, m, £) and in this setting we 
prove in Theorem 13.121 that £ < £ch, where £ch is the Cheeger energy associated to dg; 
moreover, Theorem 13.141 shows that £ = £ch if and only if (a) holds (see [24l §5] for a 
similar result in the case of doubling spaces satisfying a local Poincare condition and for 
interesting examples where £ch is not quadratic and £ ^ £ch)- It is also worth mentioning 
(Theorem 13. 101) that for this class of spaces (X, dg) is always a length metric space, a result 
previously known in a locally compact framework [38l 136] . 

The Bakry-Emery condition BE(A, oo) can then be stated in a weak integral form 
(strongly inspired by [7J [9l H3]) just involving the Markov semigroup (Pt)t>o (see ( 12. 55ft 
of Corollary 12.31 and ( 12.371) , ( 12.381) for relevant definitions) by asking that the differential 
inequality 

— J (P t _ s /) 2 P s ^dm > 2K— J {P t _ s f) 2 P s cpdm, < s < t, (1.16) 

is fulfilled for any / G L 2 (X, m) and any nonnegative if G L 2 r\L°°(X, m). Notice that in the 
case K = (11.161) is equivalent to the convexity in (0, t) of the map s f x (P t - s f) 2 P s (p dm. 

If we also assume that BE(A', oo) holds, it turns out that (c) is in fact equivalent 
to a weak- Feller condition on the semigroup (Pt)t>o, namely P t maps Lip b (X) in C&(X). 
Moreover, (c) implies the upper-regularity (a) of £ and the fact that every / G -D(£) H 
L°°(X, m) admits a Carre du champ T satisfying 01.14p . 

Independently of BE(A, oo), when properties (a) and (c) are satisfied, we call (X, r, m, £) 
a Riemannian Energy measure space, since these space seem appropriate non-smooth ver- 
sions of Riemannian manifolds. It is also worth mentioning that in this class of spaces 
BE(i^, oo) is equivalent to an (exponential) contraction property for the semigroup (H t )t> 
with respect to the Wasserstein distance W% (see Corollary 13.181) . in analogy with [25J. 

Our main equivalence Theorem 14. 171 shows that a BE(K, oo) Riemannian Energy mea- 
sure space satisfies the RCD(i^, oo) condition: thus, in view of the converse implication 
proved in [5], BE(i^, oo) is essentially equivalent to RCD(i^, oo). A more precise formula- 
tion of our result, in the simplified case when the measure m is finite, is: 

Theorem 1.1 (Main result). Let (X,t) be a Polish space and let m be a finite Borel 
measure in X. Let £ : L 2 (X, m) — > [0, oo] be a strongly local, symmetric Dirichlet form 
generating a mass preserving Markov semigroup (P*)t>o in L 2 (X, m), let de be the intrinsic 
distance defined by ( 11.15P and assume that: 

(i) dg is a complete distance on X inducing the topology r and any function f G 
with r(/) < 1 admits a continuous representative; 

(ii) the Bakry-Emery BE(K, oo) condition ( 11. 161) is fulfilled by (Pt)t>o- 

Then (X, dg,m) is a RCD(A, oo) space. 

We believe that this equivalence result, between the "Eulerian" formalism of the Bakry- 
Emery BE(A, oo) theory and the "Lagrangian" formalism of the CD(A, oo) theory, is 
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conceptually important and that it could be a first step for a better understanding of 
curvature conditions in metric measure spaces. Also, this equivalence is technically useful. 
Indeed, in the last section of this paper we prove the tensorization of BE(A, N) spaces. 
Then, in the case N = oo, we can use the implication from BE(A', oo) to RCD(A, oo) 
to read this property in terms of tensorization of RCD(A, oo) spaces: this was previously 
known, see [5], only under an apriori nonbranching assumption on the bases spaces (notice 
that the CD(A, N) theory, even with N = oo, suffers at this moment the same limitation). 
On the other hand, we use the implication from RCD(A', oo) to BE(A', oo), (I1.17P below and 
the strong stability properties which follow by the EVIk formulation to provide stability 
of the BE(A, N) condition under a very weak convergence, the Sturm-Gromov-Hausdorff 
convergence. 

Plan of the paper 

Section [2] collects notation and preliminary results on Dirichlet forms, Markov semigroups 
and functional T-calculus, following the presentation of [12], which avoids any topological 
assumption. A particular attention is devoted to various formulations of the BE(A, N) 
condition: they are discussed in §2.21 trying to present an intrinsic approach that does not 
rely on the introduction of a distinguished algebra of functions A and extra assumptions on 
the Dirichlet form £, besides locality. In its weak formulation (see ( I2.55P of Corollary 12.31 

and (E37D, (USED) 

W J x {Pt - J)2Ps(pdm -Td~s J x ( P t-sf) 2 PsVdm + - j {A E P t _ a f) 2 P 8 <pdm, (1.17) 

which is well suited to study stability issues, BE( A, N) does not even need a densely 
defined Carre du Champ T, because only the semigroup (Pt)t>o is involved. 

Section [3] is devoted to study the interaction between energy and metric structures. 
A few metric concepts are recalled in §3.1[ whereas §3.21 shows how to construct a dual 
semigroup (H t ) t > in the space of probability measures £P(X) under suitable Lipschitz es- 
timates on (Pt)t>o- By using refined properties of the Hopf-Lax semigroup, we also extend 
some of the duality results proved by Kuwada [25] to general complete and separable 
metric measure spaces, avoiding any doubling or Poincare condition. 
§3.31 presents a careful analysis of the intrinsic distance dg (11.151) associated to a Dirichlet 
form and of Energy measure structures (A, r, m, £). We will thoroughly discuss the rela- 
tions between the Dirichlet form £ and the Cheeger energy Ch induced by a distance d, 
possibly different from the intrinsic distance dg and we will obtain a precise characteri- 
zation of the distinguished case when d = dg and £ = 2Ch: here conditions (a,b) play a 
crucial role. 

A further investigation when BE(A, oo) is also assumed is carried out in §3.4[ leading to 
the class of Riemannian Energy measure spaces. 

Section H] contains the proof of the main equivalence Theorem 11.11 between BE(A, oo) 
and RCD(A', oo). Apart the basic estimates of §4.11 the argument is split in two main 
steps: §4.21 proves a first LlogL regularization estimate for the semigroup (\-\ t )t>o, starting 
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from arbitrary measures in (here we follow the approach of [13]). §4.31 contains 

the crucial action estimates to prove the EVIx inequality (jl.lOp . Even if the strategy of 
the proof has been partly inspired by the geometric heuristics discussed in [15] (where the 
Eulerian approach of [32] to contractivity of gradient flows has been extended to cover also 
convexity and evolutions in the EVI^ sense) this part is completely new and it uses in a 
subtle way all the refined technical issues discussed in the previous sections of the paper. 

In the last Section [5] we discuss the above mentioned applications of the equivalence 
between BE(K, oo) and RCB(K, oo). 

Acknowledgement. We would like to thank Michel Ledoux for useful discussions on various 
aspects of the theory of Dirichlet forms and T-calculus. 

2 Dirichlet forms, Markov semigroups, T-calculus 
2.1 Dirichlet forms and T-calculus 

Let (X, 23) be a measurable space, let m : 23 — > [0, oo] a-additive and let L P (X, m) be 
the Lebesgue spaces (for notational simplicity we omit the dependence on 23). Possibly 
enlarging 23 and extending m we assume that 23 is m-complete. In the next sections [31 
H] we will typically consider the case when 23 is the m-completion of the Borel cr-algebra 
generated by a Polish topology r on X. 
In all this paper we will assume that 

m) — > [0, oo] is a strongly local, symmetric Dirichlet form 
generating a Markov semigroup (Pt)t>o in L 2 (X,m); 

Let us briefly recall the precise meaning of this statement. 
A symmetric Dirichlet form £ is a L 2 (X, m)-lower semicontinuous quadratic form 
satisfying the Markov property 

£( ? 7 ° /) < £(/) f° r every normal contraction r] : M — >■ R, (2.2) 

i.e. a 1-Lipschitz map satisfying 77(0) = 0. We refer to [121 HE] for equivalent formulations 
of (1272]) . We also define 

V:=D(£) = {/€l 2 (I,m): £(/) < 00}, := D(£) n L°°(X, m). (2.3) 

We also assume that V is dense in L 2 (X, m). 

We still denote by £(■,•) : V — > K the associated continuous and symmetric bilinear 
form 

£(/,<?):= J (£(/+<?) -£(/-<?))■ (2.4) 
We will assume strong locality of £, namely 

£(/> 9) = whenever /, p E V and (/ + a)g = m-a.e. in X for some a E M. (2.5) 
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It is possible to prove that Vqo is an algebra with respect to pointwise multiplication, so 
that for every / G Vqq the linear form on 

T[f;p] :=£(/, fp)-h(f 2 ,p), tpEV^ (2.6) 

is well defined and for every normal contraction 77 : R — > R it satisfies [121 Prop. 2.3.3] 

< T[r) o /; <p] < T[f; <p] < |M|oc £(/) for every f^eV^, tp> 0. (2.7) 

(12. 7p shows that for every nonnegative ip G Vqo / 1— >• r[/;y?] is a quadratic form in Vqo 
which satisfies the Markov property and can be extended by continuity to V. We call G 
the set of functions / G V such that the linear form tp 1— > T[f; tp] can be represented by a 
an absolutely continuous measure w.r.t. m with density r(/) G L\(X, m): 

/ G G r[/; = / T(f)ip dm for every ip e (2.8) 

Since £ is strongly local, [121 Thm. 6.1.1] yields the representation formula 

£(/, /) = / r(/) dm for every / G G. (2.9) 

It is not difficult to check that G is a closed vector subspace of V, the restriction of £ to 
G is still a strongly local Dirichlet form admitting the Carre du champ V defined by 
(12. 8 p (see e.g. [121 Def. 4.1.2]): T is a quadratic continuous map defined in G with values 
in L\(X, m). We will see in the next Section I2T21 that if £ satisfies the BE(K, 00) condition 
then G coincides with V and £ admits a functional T-calculus on the whole space V. 

Since we are going to use T-calculus techniques, we use the T notation also for the 
symmetric, bilinear and continuous map 

r (/,(/) :— ^(v(f + g) — T(f — g)j G L 1 (X, m) /, g G G, (2.10) 

which, thanks to (12. 9p . represents the bilinear form £ by the formula 

£(/,</)= / T(f,g)dm for every f,geG. (2.11) 
Jx 

Because of Markovianity and locality •) satisfies the chain rule [121 Cor. 7.1.2] 

r(»7(/),<0 = r]'(f)T(f,g) for every f,geG, rj G Lip(R), 77(0) = 0, (2.12) 
and the Leibnitz rule: 

T(fg, h) = fT(g, h) + gF(f, h) for every /, g, h G G^ := G n L°°(X, m). (2.13) 
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Notice that by [T2| Theorem 7.1.1] f)2.12p is well defined since for every Lebesgue measurable 
set N C R (as the set where <fi is not different iable) 

^\N) = =>. r(/)=0 m-a.e. on / -1 (iV). (2.14) 

Among the most useful consequences of (I2.14p and (I2.12p that we will repeatedly use in 
the sequel, we recall that for every f,g G G 

r(/-<7) = m-a.e. on {/ = (2.15) 

and the following identities hold m-a.e.: 

r(/A S )J r ('| 011 ^ r(/v s) = ( r W on p 9 ]' (2.16) 

U \r( 9 ) on {/><,}, W \r( 9 ) on {/<<,}. 

We conclude this section by stating the following lower semicontinuity result: 



UJeG, f n ^f, Jr(f n ) -GinL 2 (X,m) r(/) < G 2 m-a.e. in X. (2.17) 



It can be easily proved by using Mazur's Lemma and the m-a.e. convexity of / (->• y r(/) 
namely 



T((l - t)/ + ty) < (1 - t)y/T(f) + yr(^) m-a.e. in X, for all t G [0, 1], 
which follows since T is quadratic and nonnegative. 

The Markov semigroup and its generator 

The Dirichlet form £ induces a densely defined selfadjoint operator A £ : .D(Ag) C V — > 
L 2 (X, m) defined by the integration by parts formula £(/, g) = — f x g A £ / dm for all g G V. 

When G = V the operator A £ is of "diffusion" type, since it satisfies the following 
chain rule for every t] G C 2 (M) with 77(0) = and bounded first and second derivatives 
(see [121 Corollary 6.1.4] and the next <^M>)- if / G D(A E ) with r(/) G L 2 (X,m) then 
rj(f) G D(A E ) with 

A £ r/(/)=V(/)A £ / + V'(/)r(/). (2.18) 

The heat flow P t associated to £ is well defined starting from any initial condition 
/ G L 2 (X, m). Recall that in this framework the heat flow (Pt)t>o is an analytic Markov 
semigroup and f t = P t f can be characterized as the unique C 1 map / : (0, 00) — > L 2 (X, m), 
with values in _D(A £ ), satisfying 

|l/« = A £/l tat 6 (0,oo), 
\lim/, = / inL^.m). 
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Because of this, A £ can equivalently be characterized in terms of the strong convergence 
(Ptf ~ f)/t -> A £ / in L 2 (X, m) as H 0. 

One useful consequence of the Markov property is the L p contraction of (Pt)t>o from 
L p fl L 2 to L p D L 2 . Because of the density of L p D L 2 in L p when p G [1, oo), this allows to 
extend uniquely Pt to a strongly continuous semigroup of linear contractions in L P (X, m), 
p G [1, oo), for which we retain the same notation. Furthermore, (Pt)t>o is sub-Markovian 
(cf. [TJl Prop. 3.2.1]), since it preserves one-sided essential bounds, namely f < C (resp. 
/ > C) m-a.e. in X for some C > (resp. C < 0) implies P t f < C (resp. P t / > C) m-a.e. 
in X for all t > 0. 

We will mainly be concerned with the mass-preserving case i.e. 

/ P t /dm= / /dm for every / G L X (X, m), (2.20) 
J x J x 

a property which is equivalent to 1 G -D(£) when tti(X) < oo. In the next session (see 
Theorem 13. 14f) we will discuss a metric framework, which will imply (I2.20p . 

The semigroup (Pt)t>o can also be extended by duality to a weakly*-continuous semi- 
group of contractions in L°°(X,m), so that 

f P t ftpdm = [ fPtfdm for every / G L°°(X, m), <p G L\X, m). (2.21) 

It is easy to show that if f n G L 2 D L°° (X, m) weakly* converge to / in L°° (X, m) then 
Ptfn^Ptf in L°°(X,m). 

The generator of the semigroup in L X (X, m) 

Sometimes it will also be useful to consider the generator A^ : D(A^) C L X (X, m) — > 
L^X.m) of (P t ) t > in L X (X, m) [33l §1.1]: 

/ G D(A^), A^f = g & l }™j(P t f -f)=g strongly in L\X,m). (2.22) 

Thanks to f 1 2 . 2 2 j) it is easy to check that 

feD(A[ l) ) PJeD(A^), A[ l) PJ = P t A { l ] f for aU t > 0, (2.23) 

and, when f[2T20]) holds, 

/ Aj, 1) /dm = for every / G ^(A^). (2.24) 
Jx 

The operator A^ is m-accretive and coincides with the smallest closed extension of A £ to 
I'fl.in): H21 Prop. 2.4.2] 

_.(!)„ / 3/ B G D(A £ ) n L'fl.m) with s„ = A £ / n G L^m) : 

/n -»• /, fi-n ->• £ strongly m L (A, m). 



12 



Whenever / G D(Ay) n L 2 (X,m) and Ay f G L 2 (X, m) one can recover / G -D(A £ ) by 
(I2.23p . the integral formula P t / — f = J* P r Ag / dr and the contraction property of (Pt)t>o 
in every L P (X, m), thus obtaining 

/G^nL^m), Af'/a^m) / G D(A £ ), A £ / = A £ 1} /. (2.26) 



Semigroup mollification 

A useful tool to prove the above formula is given by the mollified semigroup: we fix a 

POO 

nonnegative kernel k G C^°(0, oo) with / k(t) dr = 1, (2.27) 

Jo 

and for every / G L P (X, m), p G [1, oo], we set 

ff/:=- / P r / K (r/5)dr, e > 0, (2.28) 
e Jo 

where the integral should be intended in the Bochner sense whenever p < oo and by taking 
the duality with arbitrary tp G L 1 (X, m) when p = oo. 

Since A £ is the generator of {Pt)t>o i n L 2 (X,m) it is not difficult to check [33l Proof of 
Thm. 2.7] that if / G L 2 n L P (X, m) for some p G [1, oo] then 

1 f 00 

A £ (f)7) = -/ P r /K'(r/e)dr GL 2 nL p (X,m). (2.29) 

e JO 

The same holds for A^ } if / G L^X.m): 

A £ 1} (t) £ /) = - / P r fK'(r/s)dr G L\X,m). (2.30) 

£ JO 

2.2 On the functional Bakry-Emery condition 

We will collect in this section various equivalent characterizations of the Bakry-Emery 
condition BE(fT, N) given in (jl.6p for the T 2 operator operator (II. 4p . We have been strongly 
inspired by [TJ O SS]: even if the essential estimates are well known, here we will take a 
particular care in establishing all the results in a weak form, under the minimal regularity 
assumptions on the functions involved. We consider here the case of finite dimension as 
well, despite the fact that the next sections |3] and H] will be essentially confined to the case 
N = oo. Applications of BE(J^, N) with N < oo will be considered in the last Section [5j 
Let us denote by F : (Vqo) 3 — > R the multilinear map 

r[/, g- ip] := l - (£(/, gtp) + E{g, ftp) - £(fg, ^)) , r[/; tp] = T[f, /; <p]; (2.31) 
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Recalling (12. 7p . one can easily prove the uniform continuity property 
Voo 3f n /, if n <p strongly in V, sup \\<p n \\oo < °o 3 lim T[f n ; tp n ] G R, (2.32) 

n n— >oo 

which allows to extend T to a real multilinear map defined in V x V x Voo, for which we 
retain the same notation. The extension T satisfies 

T[f,g; V ] = [ r(f,g)<pdm if f,g G G. (2.33) 
Jx 

We also set 

T 2 [/; cp] := l -T[f- A £ ^] - T[f, A £ /; p], (/, G D(r 2 ) (2.34) 

where 

D(r 2 ) := {(/» G D(Afi) x D(A e ) : A £ / G V, A £ y? G Z°°(X,m)}. (2.35) 
As for (12.331) . we have 

T 2 [f;<p} = J (ir(/)A £ ^-r(/,A £ /)^)dm if (/,¥>) e D(r 2 ), /,A e /eG. (2-36) 

Since (Pt)t>o is an analytic semigroup in L 2 (X, m), for a given / G L 2 (X, m) and 99 G 
L 2 fl L°°(X, tn), we can consider the functions 



At[/; := ^ / (Pt- s /) 2 P^dm t > 0, s G [0,t], (2.37) 

Af[/;^](a) := ^ / (A £ P_j) 2 P s <^ dm t > 0, s G [0,t), (2.38) 

B t [/;^]( S ):=r[P t _ s /;P s ^] t > 0, s G [0, t), (2.39) 

and, whenever A £ <£> G L 2 fl L°°(X, m), 

Q[/;^]( S ):=r 2 [P t _J;P^], i > 0, s<=[0,t). (2.40) 

Notice that whenever A £ / G L 2 (X, m) 

Af[/;^]( S ) = A t [A £ /;^( S ) t > 0, s G [0, t). (2.41) 

Lemma 2.1. For every f G £ 2 (X, m), (p G L 2 fl L°°(X, m) and every t > 0, we have: 

(i) the function s ^ A t [/;^](s) 6e/on#s to C°([0,t]) n 0^(0, t)); 

(ii) i/ie function s 1— > A^[/; y](s) belongs to C 1 ([0,t)); 
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(iii) the function s h» B t [f;ip](s) belongs to C°((0,t)) nL°°(0,t) and 

j-Mf;p](s) = B t [f;p}(s) for every s G (0,t). (2.42) 
Equation (I2.42p and i/ie regularity of A and B extend to s = t if f G V and to s = 

«/> e Voo. 

(iv) 7/<y9 zs nonnegative, s H- A t [/; y?](s) and s H- Af [/; (s) are nondecreasing. 

(v) 7/A £ y9 G L 2 fl L°°(X, m) iaen C 6e/onas to C°([0,t)), B 6e/onas to (^([O,*)), and 

^B t Lf;^]( S )=2C t [/;^](s) /or every s G [0, t). (2.43) 

In particular A G C 2 ([0,t)). 

Proof. The continuity of A is easy to check, since s H- (Pj_ s /) 2 is strongly continuous with 
values in L X (X, m) and s i— >• P s </? is weakly* continuous in L°°(X, m). Analogously, the 
continuity of B follows from the fact that s i— > P(_ s / is a continuous curve in V whenever 
s G [0,t) thanks to the regularizing effect of the heat flow and (12.321) . The continuity of C 
follows by a similar argument, recalling the definition (12. 34ft and the fact that the curves 
s i — y AePt_ s / and s i— > A £ P S <£> are continuous with values in V in the interval [0,t). 

In order to prove (12.421) and (I2.43p . let us first assume that tp G D(Ag) with A £ y? G 
L°°(X,m) and / G L 2 n L°°(X,m). Since 

lim — = — A^Pt- s f strongly in V for s G [0, t), 

lim Pg+fe< ^ ~ Psip = AzP s (p weakly* in L°°(X, m) for s G [0, t), 



we easily get 

-A t [f;p}(s)= j (-P_JA £ P_JP^+^(P_j) 2 A £ P^)dm 



d_ 

ds' 



£(P-J,P-JM - l -Z((P t - s f)\PsV) = B t [/;^](s) 



by the very definition ( 12.61) of T, since Pt- S / is essentially bounded and therefore (Pt_ s /) 2 G 
Voo. A similar computation yields (12.43)) . 

In order to extend the validity of (12.42)) and (12.43)) to general / G L 2 (X, m) we can 
approximate / by truncation setting f n := — n V / A n, n G N, and we pass to the limit in 
the integrated form 

A t [f n ; ip](s 2 ) - At[/„;<p](si) = / B t [f n ; <p}(s) ds for every < si < s 2 < t, 
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observing that Pt- S f n converge strongly to Pt- S f in V as n — > oo for every s £ [0,t), so 
that f)2.32p yields the pointwise convergence of the integrands in the previous identity. A 
similar argument holds for (12.431) . since A^P t f n converges strongly to AgPt/ in V. 

Eventually we extend (12.421) to arbitrary tp £ L 2 R L°°(X, m) by approximating ip with 
t) e tp given by (E2HD, ( 12T27D . It is not difficult to check that P s (f) £ <f) -> PsV in V as e I 
with uniform L°° bound if s > (and also when s = if tp £ Vqo). □ 

Lemma 2.2. Let us consider functions a £ C 1 ([0,t)) ; g £ C°([0,t)) and a parameter v > 0. 
The following properties are equivalent: 

(i) a,g satisfy the differential inequality 

a" > 2/i a' + z/g m^'(0,t), (2.44) 
and pointwise in [0,t), whenever a £ C 2 ([0,t)). 

(ii) a', g satisfy the differential inequality 

^(e- 2Ks a'(s)^) >ve- 2Ks g(s) in &(0,t). (2.45) 

(iii) For every < si < S2 < t and every test function ( £ C 2 ([si, S2]) we /lave 

a(C" + 2A'C') ds + [a' d - [a (C' + 2AC)1 > 1/ [ * g(ds. (2.46) 
L J si L J si 7 Sl 

(iv) For every < Si < S2 we have 

e - 2 K( S2 - sl ) a '( S2 ) > a , (si) + u r 2 e _ 2 K( S - SX ) g ( s ^ ds _ (2 47) 

J si 

The proof is straightforward; we only notice that ( I2.46P holds also for s\ = since a £ 
C^O,*)). 

The inequality (I2.46P has two useful consequences, that we make explicit in terms of 
the functions Ik and Ik,2 defined by 

I*(t) = / e* s ds = Wt) = / Ik{s) ds = , (2.48) 



*2 



Si 



with the obvious definition for A = 0: /o(^) = t, Io,2{t) = t 2 /2. 
Choosing s\ = 0, s 2 = r and 

e 2Jsr(r- s ) _ 1 

C(s) := W(r - s) = — , sothatC' + 2AC = -l, C(r) = 0, (2.49) 

we obtain 

h K (r) a'(0) + 1/ / W(r-s)g(s)ds<a(r)-a(0) for every r £ [0, i]. (2.50) 
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Choosing 



1 - e~ 2Ks 

C(s) := l_ 2K (s) = 2R , so that C' + 2#C = 1, C(0) = 0, (2.51) 
we obtain 

a(r) - a(0) + u [ l- 2K (s) g(s) ds < a'(r) l- 2K (r) for every r G [0, i). (2.52) 
Jo 

Corollary 2.3. Let £ be a Dirichlet form in L 2 (X, m) as m (12. ip . and let K G M and 

^ > 0. TTie following conditions are equivalent: 

(i) For every (/,</?) G F*(r 2 ), v 9 — 0, we have 

T 2 [f;<f]>KT[f;<f}+v [ (A £ f) 2 <pdm. (2.53) 

Jx 

(ii) For evert/ / G L 2 (X, m) and every nonnegative ip G D(Ae) n L°°(X, m) vnt/i Ae<£ G 
L°°(X, m) we nave 

Q[/;^](s) > KB t [f;<p](8) + 2vA£[f;<p](a) for every < s < t. (2.54) 

(iii) For every f G L 2 (X, m) ? even/ nonnegative cp G L 2 n L°°(X, m) ; and £ > 

— A t [/; > 2#— At\fM{s) + tofi$[f-M(s) m ®'(0,t), (2.55) 

for, equivalently, the inequality (I2.55P holds pointwise in [0,t) for every nonnegative 
ip G L 2 n L°° (X, m) u»& A £ (^ G L 2 n L°° (X, m) .J 

(iv) For every f G L 2 (X, m) and t > we have P t f G G and 

W(*)r(P t /) + 2z/I 2K , 2 (t)(A £ P t /) 2 < ip(/ 2 ) - ^(R/) 2 m-a.e. m X. (2.56) 

(v) G = V and for every f G V 

^(/ 2 ) -^(Pt/) 2 + 2z/I_ 2 K, 2 (t)(A £ P t /) 2 <L 2 ^ 2 (t)P t r(/) m-a.e. »I. (2.57) 

(vi) G zs dense in L 2 (X, m) and for every f G G and £ > P t / belongs to G win 

r(P t /) +2z/I_ 2X (t)(A £ R/) 2 <e- 2A '*pr(/) m-a.e. ml. (2.58) 

// one o/ these equivalent properties hods, then G = V (i.e. £ admits the Carre du Champ 
T zn V). 
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Proof. The implication (i)=>(ii) is obvious. The converse implication is also true under the 
regularity assumption of (i): it is sufficient to pass to the limit in (12.540 as s 1 1 and then 
as t 4 0. 

(ii) =^(iii) by (12.431) when A^ip G L 2 D L°°(X, m); the general case follows by approxi- 
mation by the same argument we used in the proof of Lemma 12.11 

(iii) =>(iv): by applying (12.500 (with obvious notation) we get 

\ 2K {t)T[P t f- v } + 2vl 2Kt2 {t) I (A £ P t /)Vdm<i / (p t (/ 2 )-(P t /) 2 Wm 

for every nonnegative ip G Vx>. Thus setting h := Pt(/ 2 ) — (Ptf) 2 £ -^+(^, m ); the linear 
functional £ on Voo defined by £(<p) := r[P t /; <p] satisfies 

< £(tp) < / htp dm for every G Voo, > 0. (2.59) 
Jx 

Since V^ is a lattice of functions satisfying the Stone property ip G Vx. =>- ip A 1 G Vx. and 
clearly ( 12.591) yields £(y n ) — ^ whenever (<p n ) n >o C Vx> is a sequence of functions pointwise 
decreasing to 0, Daniell construction (TTJ Thm. 7.8.7] and Radon-Nikodym Theorem yields 
T[P t f; ip] = f x g<p dm for some g G L+(X,m), so that P t / G G and (12.560 holds. 

This argument also shows that G is invariant under the action of (P*)t>o and dense in 
L 2 (X, m). A standard approximation argument yields the density in V (see, e.g. [51 Lemma 
4.9]) and therefore G = V (since G is closed in V; see also [121 Prop. 4.1.3]). 

Analogously, (iii)=»(v) by fl2~52j) and (iii)^(vi) by 1 )537)1 . 

Let us now show that (vi)=^(iii). Since G is dense in L 2 (X, m) and invariant with 
respect to (Pt)t>o, we already observed that G = V. Let us now write ( 12.580 with h > 
instead of t and with / := P t - S v for some < h < s < t. Multiplying by P s -h<p and 
integrating with respect to m, we obtain 

B t [v; ip](s -h) + 4vI- 2K (h)A?[v; ip}(s - h) < e~ 2Kh B t [v; ip](s). 

It is not restrictive to assume A^ip G L 2 fl L°°(X, m) so that B is of class C 1 in (0, t). We 
subtract B t [u;y>](s) from both sides of the inequality, we divide by h > and let h 4- 
obtaining 

^-B t [v; <p](s) - 2KB t [v; <p](s) > Au Af [v; <p](s) 

i.e. ( 12351) . 

To show that (iv)=>(iii) we first write (12.560 at t = h > in the form 

l 2K , 2 {h)(KT(P h f) + 2v (A £ RJ) 2 ) < l -P h {f)- \{P h ff -hT(P h f), 

obtaining by subtracting hVfPhf) from both sides of the inequality. Then we choose 
/ = Pt- s -hV and we multiply the inequality by P s <p, with <p G L 2 fl L°°(X, m) nonnegative 
and A £ y> G L 2 n L°°(X,m). We obtain 

I 2K>2 (/i) (2K B t [v; cp](s) + 4u Af [v; </?](*)) < A t [v; <p](s + h) - A t [v; cp](s) - hB t [v; <p](s). 
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Since A is of class C 2 and A' = B, dividing by h 2 > and passing to the limit as h 1 a 
simple Taylor expansion yields 

^A t [v^](s) > ^(2KB t [v^}(s) + 4vA?[v;v}(s)). 

A similar argument shows the last implication (v)=^(iii). □ 

Definition 2.4 (The condition BE(K, N)). Let K G E and v > 0. We say that a 
Dirichlet form £ in L 2 (X, m) as in (12.11) satisfies a functional BE(K, N) condition if one of 
the equivalent properties in Corollary 12.31 holds with N := \ jv. 

Notice that 

BE(K, N) BE(A", N') for every K' < K, N' > N, (2.60) 

in particular BE(K, N) BE(K, oo). 

Remark 2.5 (Carre du Champ in the case N = oo). If a strongly local Dirichlet form £ 
satisfies BE(K, oo) for some K G M, then it admits a Carre du Champ V on V, i.e. G = V, 
by (v) of Corollary 12.31 moreover the spaces 

:= {y? G Vqo : T(cp) G L°°(X,m)} , := G V^, A £V ? G L°°(X,m)} . (2.61) 

are dense in V: in fact (I2.58P shows that they are invariant under the action of (Pt)t>o an d 
(I2.56P (possibly combined with a further mollification as in (12.281) in the case of V^) shows 
that their closure in L 2 (X, m) contains L 2 n L°°(X, m). 

3 Energy metric measure structures 

In this section, besides the standing assumptions we made on £, we shall study the relation 
between the measure/energetic structure of X and an additional metric structure. Our 
main object will be the canonical distance associated to the Dirichlet form £, that we 
will introduce and study in the next §3.31 Before doing that, we will recall the metric 
notions that will be useful in the following. Since many properties will just depend of a 
few general compatibility conditions between the metric and the energetic structure, we 
will try to enucleate such a conditions and state the related theorems in full generality. 

Our first condition just refers to the measure m and a distance d and does not involve 
the Dirichlet form £: 

Condition (MD: Measure-Distance interaction), d is a distance on X x X such that: 
(MD.a) (X, d) is a complete and separable metric space, T> coincides with the completion 
of the Borel cr-algebra of (X, d) with respect to m, and supp(m) = X; 
(MD.b) m(B r (x)) < oo for every x G X, r > 0. 
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Besides the finiteness condition (MD.b), we will often assume a further exponential 
growth condition on the measures of the balls of (X, d), namely that there exist Xq G 
X, M > 0, c > such that 

m(B r (xo)) < Mexp(cr 2 ) for every r > 0; (MD.exp) 



in this case we will collectively refer to the above conditions (MD) and ( MD.exp ) as 
(MD+exp). 

3.1 Metric notions 

In this section we recall a few basic definitions and results which are related to a metric 
measure space (X, d,m) satisfying (MD). 

Absolutely continuous curves, Lipschitz functions and slopes 

AC p ([a, b}; X), 1 < p < oo, is the collection of all the absolutely continuous curves 7 : 
[a, b] — > X with finite p-energy: 7 G AC p ([a, b]; X) if there exists v G L p (a, b) such that 

d{l{s),l{t)) < / v(r)dr for every a < s < t < b. (3-1) 

J s 

The metric velocity of 7, defined by 

HW:=Um ^±^M), (3.2) 
h->o \n\ 

exists for «if 1 -a.e. r G (a,b), belongs to L p (a,b), and provides the minimal function v 
such that (13. ip holds. The length of an absolutely continuous curve 7 is then defined by 
Ia\j\(r)dr. 

(X, d) is a length space if 

d(x , £1) = inf I J |7|(r) dr : 7 G AC([0, 1]; X), 7(2) = Xjj for every x , £i G X. (3.3) 

We denote by Lip b (X) the space of all Lipschitz and bounded function ip : X — > R and 
by Lip 1 (X) the subset of functions with Lipschitz constant less than 1. Every Lipschitz 
function if is absolutely continuous along any absolutely continuous curve; we say that a 
bounded Borel function g : X — > [0, 00) is an upper gradient of ip G Lip b (A") if for any 
curve 7 G AC ([a, £>]; X) the absolutely continuous map ^07 satisfies 



< 0(7(2)) |t| (t) for Jgf ^a-e. t G (a, 6). (3.4) 
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Among the upper gradients of a function <p e Lip b (X) its slopes and its local Lipschitz 
constant play a crucial role: they are defined by 

\D ± ip\(x) := \imsnp — — t-^- — , |Dy](x) := limsup — - (3.5) 
v-m d(y,x) ^ d(y,x) 

in* i/- \ i- ~ g(g) fa ^ 

D a? fx) := limsup - - — , (3.6) 

y,z—*x d(y,z) 

and, whenever (X, d) is a length space 

|D*y9|(x) = limsup |D<^|(j/), Lip(y2) = sup |D<^(x)| = sup |D*<^(x)|. (3.7) 

y-¥x x£X x£X 

In fact, (13.41) written for g := \D(p\ and the length condition (13.31) easily yield 

\f(y)-f(z)\ <d(y,z) swp \Dtp\ if y,z e B r (x) (3.8) 

B 2r (x) 

and provide the inequality \T)*ip\ < limsup |D</?|(y). The proof of the converse inequality 
is trivial and a similar argument shows the last identity in (13. Til . 

The Hopf-Lax evolution formula 

Let us suppose that (X, d) is a metric space; the Hopf-Lax evolution map Q t ■ Q,pT) -> 
C b (X), t > 0, is defined by 

QJ(x):= mU(y) + ^±. (3.9) 
yex It 

We introduce as in j3l §3] the maps 

D + (x, s) : = sup limsup d(x,y n ), D~(x, s) := inf liminf d(x, y n ), (3.10) 

(y n ) n (yn) n 

where the supremum and the infimum run among minimizing sequences for (I3.9P . We recall 
that D + and D~ are respectively upper and lower semicontinuous, nondecreasing w.r.t. s, 
and that D + (x,r) < D~(x,s) < D + (x, s) whenever < r < s. These properties imply 
D~(x, s) = sup r<s D + (x, r). We shall need the inequality 

Qs>f(x)-QJ(x)< { {X ' S>> 4-- s'>s, (3.11) 

2 s s 

as well as the pointwise properties 

_ ^ QJ(x) = fell! |D«,/| W <5^i), (3,2) 
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(these are proved in Proposition 3.3 and Proposition 3.4 of [3]). Since 

d(y, x) > 2s Li P (/) =► f(y) + > f(x) > Q s f(x), 

we immediately find D + (x, s) < 2sLip(/). 

Since by (13. lip the map s (-)■ Q s f(x) is locally Lipschitz in (0, oo), integrating the first 
identity of (13.141) in (e, t), e > 0, and then letting e ! we get 

f< (D + (x, g )) 2 ^ l/'/D+M\ 2 , 
f(x)-Q t f(x)= I 2g2 ds = - {—^—) dr. 



Combining the above identity with the formula expressing the descending slope (see [21 
Lemma 3.1.5], which holds without coercivity assumptions on /) 



|D-/| 2 (x) = 21imsup 

40 t 

we end up with 



|D/| 2 (a;) > |D-/| 2 (x) = limsup / f D+ ^' ^ Y dr. (3.13) 

40 Jo v ^ r y 



When (X, d) is a length space (Qt)t>o is a semigroup and we have the refined identity [3], 
Thm. 3.6] 

d+ 1 (D + (r s)) 2 

^Q*m = —Wsfm = - [ * s f } • (3.i4) 

(I3.12p and the length property of X yield the a priori bounds 

Lip(QJ) < 2Lip(/), Lip(Q./(x)) < 2 [Lip(/)] 2 . (3.15) 

The Cheeger energy 

The Cheeger energy of a function / G L 2 (X, m) is defined as 

Ch(/) :=inf {liminf J / |D/„| 2 dm : f n G Lip 6 (X), / n -> / in L 2 (X, m) ) . (3.16) 

l. n->oo Z Jx J 

If / G L 2 (X, m) with Ch(/) < oo, then there exists a unique function |D/|^ G L 2 (X, m), 
called minimal weak gradient of f, satisfying the two conditions 

Li Pl ,(Jf)nL 2 (X,m)3/„^/, |D/„|->G inL 2 (Jf,m) =* |D/|„ < G 

Ch(/) = i/ x |D/£dm. (317) 

In the next section 1331 we will also use a further approximation result proved in [4J §8.3]: 
for every / G L 2 (X, m) with Ch(/) < oo 

3/ n GLip & (X)nL 2 (X,m): /„-►/, |D*/ n | -)> |D/| tt strongly in L 2 (X, m) . (3.18) 
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Wasserstein distances 

The metric structure allows us to introduce the corresponding spaces &{X) of Borel prob- 
ability measures and ^ P (X) of Borel probability measures with finite p-th moment 

/ d p (x, x ) dii(x)< oo, x given in X. (3.19) 
Jx 

The LP- Wasserstein transport (extended) distance W p on &{X) is defined by 

W*bjLi,fi2):=m£\ [ d p (x 1 ,x 2 )d/x:/xG &>(X x X), ttJ = (3.20) 

L JXxX J 

where ir 1 : X x X 3 (xi,^) — > X{ is the coordinate map and for a Borel measure \x G 
&(Y) on a metric space Y and every Borel map r : V — > X, the push-forward measure 
r$/j, G <^(X) can be characterized by 

r$/j,(B) := fi(r~ 1 B) for every Borel set B C X. 

In particular, the competing measures /x e £?{X x X) in f 1 3 . 2 j) have marginals \i\ and /i2 
respectively. 

We also introduce a family of bounded distances on 8?{X) associated to a 



continuous, concave and bounded modulus of continuity j3 : [0, oo) — > [0, oo) 
with = /3(0) < 0(r) for every r > 0. 



(3.21) 



As in fl3T20|) we set 

W W) (fx uf i 2 ) :=inf{ / ^^d^Me^Ix!),^^]; (3.22) 

is thus the L 1 -Wasserstein distance induced by the bounded distance dp(xi,X2) := 
/3(d(xi, X2)). (^(X), W(p)) is then a complete and separable metric space, whose topology 
coincides with the topology of weak convergence of probability measures. 

Entropy and RCD(i^, 00) spaces 

In the following we will fix x € X, z > 0, c > such that 

m = _ e - y2 m e &>(X), V(x) := y/cd(x, x ). (3.23) 

z 

Notice that in the case va(X) < 00 we can always take V = c = with z = m(X). When 
m(X) = 00, the possibility to choose xq G X, z > 0, c > satisfying (13 .23j) follows from 
flMD.expj ) (possibly with a different constant c; it is in fact equivalent to ( MD.expj )). 
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If n : 23 —7- [0, oo] is er-additive, the relative entropy Ent n (p) of a probability measure 
p : 23 — > [0, 1] with respect to n is defined by 



^ /x f fv f log f dn if p — f n; . 
Ent„(p) := < Jx P (3.24) 

l+oo otherwise. 

The expression makes sense if n is a probability measure, and thanks to Jensen's inequality 
defines a nonnegative functional. More generally we recall (see [3], Lemma 7.2] for the simple 
proof) that, when n = m and (13.23!) holds, the formula above makes sense on measures 
p = fm G 2?i{3C) thanks to the fact that the negative part of /log/ is m-integrable. 
Precisely, defining m G &{X) as in (13.231) above, the following formula for the change of 
reference measure will be useful to estimate the negative part of Ent m (p): 

Ent m (p) = Ent ft (p) - / V 2 {x) dp(x) - logz. (3.25) 

Jx 

Definition 3.1 (RCD(i^, oo) spaces). Let (X, d,m) be a metric measure space satisfy- 
ing (MD+exp) and the length property ( 13. 3D . We say that (X,d,m) has Riemannian 
curvature bounded from below by K G K if for all p G &2{X) there exists a solution 
(Htp)t>o C £?i{X) of the EVIx-differential inequality starting from p, namely 
W t p — > p as t i and (denoting by ^ the upper right derivative) 

d+ ^|(H f p,^) + K w ^^ ^ + Entm(Htp) < Entm(iy) for eyery t £ (0> Qo) (3>26) 

for all v G ^(X) with Ent TO (i/) < oo. 

As we already quoted in the Introduction, among the properties of RCD(K, oo) spaces 
proved in [S] we recall that the Cheeger energy 

Ch is quadratic, i.e. Ch(/) = -£ch(/) for a Dirichlet form £ch as in (12. ip 



2 (QCh) 
with \Df\l = T(f) for every / G D(Ch) = V, 

(in particular G = V and £ch admits the Carre du Champ T in V) and £ satisfies the 
BE(i^, oo) condition. A further crucial property will be recalled in Section [3731 below, see 
Condition (ED) and Remark 13.81 

3.2 The dual semigroup and its contractivity properties 

In this section we study the contractivity property of the dual semigroup of (P*)t>o i n the 
spaces of Borel probability measures. 

Thus £ is a strongly local Dirichlet form as in (I2.ip . (P*)t>o satisfies the mass-preserving 
property (I2.20p and d is a distance on X satisfying condition (MD) (assumption (MD.exp) 
is not needed here). 
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We see how, under the mild contractivity property 



PJ G Lip fe (X) and Lip(P t /) < C(t)Up(f) for all / G Lip b (X) n L 2 (X,m), (3.27) 

with C bounded on all intervals [0, T], T > 0, a dual semigroup H t in g?{X) can be defined, 
satisfying the contractivity property ( I3.3ip below w.r.t. W(p) and to W\. This yields also 
the fact that Pt has a (unique) pointwise defined version P t , canonically defined also on 
bounded Borel functions, and mapping Cb(X) to Cb(X) (we will always identify P t f with 
P t f whenever / G Cb(X)). Then we shall prove, following the lines of [25], that in length 
metric spaces the pointwise Bakry-Emery-like assumption 

|D P t f\\x) < C\t) P t \Df\\x) for all x G X , f G Lip fe (X) n L 2 (X, m), (3.28) 

with C bounded on all intervals [0,T], T > 0, provides contractivity of H 4 even w.r.t. W^- 
Notice that formally (13.281) implies (13. 2 7ft . but one has to take into account that (13. 28ft 
involves a pointwise defined version of the semigroup, which depends on ( 13. 27ft . 

A crucial point here is that we want to avoid doubling or local Poincare assumptions on 
the metric measure space. For the aim of this section we introduce the following notation: 

Z is the collection of probability densities / G L + (X, tn), 
% is the set of nonnegative bounded functions with bounded support. 

Proposition 3.2. Let £ and (Pt)t>o be as in ( 12. ip and ( I2.20p and let d be a distance on 
X satisfying the condition (MD). If (13.271) holds then 

(i) The mapping Y\ t {fvn) := (Pf/)m, / G Z, uniquely extends to a W^)-Lipschitz map 
H t : &>{X) ->■ &>{X) satisfying 

W m (H t n, H t u) < (C(t) V 1) W^iiM, v) for every v G 0>{X), (3.30) 
WtiHtfi, H t u) < u) for every (i, v G &(X), (3.31) 

with C(t) given by ( 13. 2 7ft . 

(ii) Defining P t f{x) := J x fdH t 5 x on bounded or nonnegative Borel functions, P t maps 
Cb(X) to Cb(X) and Pt is a version ofP t for all Borel functions f with j x \f\ dm < oo, 
namely P t f{x) is everywhere defined and P t f{x) = P t f{x) for m-a.e. x G X. In 
addition, P t f is m-a.e. defined for every Borel function semi-integrable w.r.t. m. 

(Hi) H t is dual to Pt in the following sense: 

f dH t /i = / P t f d/2 for all f : X bounded Borel, y, G ^(X). (3.32) 

x Jx 

(iv) For every f G Cb(X) and x G X we have lim^o Ptf{x) = f{x). In particular, for 
every \x G &(X) the map 1 1— y H t /x is weakly continuous in S?{X). 
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Proof. The concavity of (3 yields that (3 is subadditive, so that dp is a distance. Let us first 
prove that P t maps d^-Lipschitz functions in d/3-Lipschitz functions. 
We use the envelope representation 

f3(r) = inf a + br, B = {(a, b) G [0, oo) x [0, oo) : (5(s) < a + bs for every s > 0}, 

(a,6)GB 

and the fact that a function tp : X — > R is £-Lipschitz with respect to a distance d on X if 
and only if 

<p(x) < Rgtp(x) := inf <p(y) + £d(x, y) for every x E X. 
It is easy to check that if (p is bounded, then R^ip is bounded and satisfies 

inf ip < R(ip(x) < ip(x) for every i6l, £ > 0, (3.33) 

X 

so that in particular Ri maps X in X. (I3.27P then yields for every tp G Lip fe (X) fl L 2 (X, m) 
with Lip(<£>) < 6 

< Ro(t)b(Pt<p)- 

Let us now suppose that tp G X is d^-Lipschitz, with Lipschitz constant less than 1, so that 
for every (a, b) G B 

</?(x) < inf <£>(y) + 0(d(x, y)) < inf 99(2/) + a + fed fx, = a + R^pix). 

Since (Pt)t>o is order preserving, we get for tp G X 

P t p < a + P(i4y?) < a + ifc(t)&(P(^)) < a + #c(t)f>(M 

where we used the right inequality of (I3.33j) and the fact that Lip (Rb<p) < b. It follows 
that for every x, y G X and every (a, b) G B 

Mx) < M</) + a + C(t)bd(x, y), i.e. P t tp{x) - P t tp{y) < (3(C(t)d(x, y)). 

By Kantorovich duality, for /, g G Z we get 

1%) (Pj/ m, Pf# m) = sup I y ip P t f dm - y V 5 Ptfi 1 dm : y? G X, Lip d(3 (<p) < l| 



= sup I y / P t tp dm - y # PtV9 dm : y? G X, Lip d/3 (tp) < 1 

< (C(t)Vl)%(/m l9 m). 

Hence, (I3.30P holds when /i = fm, v = gm. By the density of {fm : / G %} in ^(X) 
w.r.t. W(y3) we get (I3.30P for arbitrary /i, ^ G ^(X). A similar argument yields (I3.3ip . 

(ii) Continuity of x t— )■ Pt/(x) when / G C&(X) follows directly by the continuity of 
x i—)- Hf^. The fact that P t f is a version of P t when / is Borel and m-integrable is a simple 
consequence of the fact that P t is selfadjoint, see [5] for details. 
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(iii) When /, g G C&(X) PI L 2 (X, m) and /x = gm, the identity (I3.32p reduces to the 
fact that P f is selfadjoint. The general case can be easily achieved using a monotone class 
argument. 

(iv) In the case of (p G Lip 6 (X) flL 2 (X, m) it is easy to prove that Pt<f(x) —> <f(x) for all 
x G X as £ i 0, since P 4 <^ are equi-Lipschitz, converge in L 2 (X, m) to <p and suppm = X. 
By (ET321 it follows that 



lim / <£>dHi/x = lim / P 4 <^dii= / (pdfi for every </> G Lip b (X) D L (X, m). 

By a density argument we obtain that the same holds on Lip 6 (X), so that t h-> H t /x 
is weakly continuous. Since Ptf(x) = J^/dH^, we conclude that Ptf(x) — > /(#) for 
arbitrary / G C 6 (X). □ 

Writing \i = f x 5 x d[i(x) and recalling the definition of P(, we can also write (13.321) in 
the form 

H t //= f HAd//(i) V/i G ^(1). (3.34) 
In order to prove that (I3.28P yields the contractivity property 

W 2 (H t fi, H t u) < C(t) W 2 (p, v) for every //, v G ^(X), t > 0, (VT 2 -cont) 
we need the following auxiliary results. 

Lemma 3.3. Assume that (/x n ) C &(X) weakly converges to /x G ^(X), and that f n are 
equibounded Borel functions satisfying 

limsup / n (x n ) < /(x) whenever x n — > x 

n— >oo 

/or some .Bore/ function f . Then limsup n J x f n dfi n < J x f d/x. 

Proof. Possibly adding a constant, we can assume that all functions f n are nonnegative. 
For all integers k and t > it holds 



AM {J{frn>t}) >limsup/x n ( [J {f m > t}\ > lim sup /x re ({/ n > t}) . 

\ , / n— >oo \ , / n— >oo 

v m=/e m=k ' 

Taking the intersection of the sets in the left hand side and noticing that it is contained, 
by assumption, in {/ > t}, we get limsup n /x n ({/ n > t}) < /x({/ > t}). By Cavalieri's 
formula and Fatou's lemma we conclude. □ 

Lemma 3.4. Assume (I3.27p . (13.281) and the length property (13.31) . For all f G Lip b (X) 

nonnegative and with bounded support Qtf is Lipschitz, nonnegative with bounded support 
and it holds 

\P t Qif(x) - PJ(y)\ < lc 2 (t)d 2 (x,y) for every t > 0, x, y G X. (3.35) 
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Proof. It is immediate to check that Q s f(x) = if f(x) = 0, so that the support of all 
functions Q s f, s G [0, 1], are contained in a given ball and Q s f are also equi-bounded. 

The stated inequality is trivial for t = 0, so assume t > 0. By (13.141) for every s > 0, 
setting rk := s — 1/k | s, the sequence r^|DQ rfc /| 2 (^) monotonically converges to the 
function D~(x, s); we can thus pass to the limit in the upper gradient inequality (which is 
a consequence of (I3.28|) ) 

\PtQrJ(ll) - PtQrJ(lo)\ < Git) I yJ~P t \DQrJ\ 2 {ls)\is\ ds 

Jo 



to get that the function C(t)G s , with G s (x) := s 1 yPt (D _ (ar, s) 2 ), is an upper gradient 
for Pt{Qsf)- Moreover, combining (13. lip and (13. 9 p we obtain 



Qs+hf(Xh) -Qsf(Xh) 1 ^ 2 1 

< — g hm su" 

hio h 2 s hio 



limsup ^ s+nJ v v n > < — limsup-(D + (a: h ,s))' < -—(£>-(x, s)) 2 (3.36) 

h 2s z hio 2s z 



along an arbitrary sequence Xh — > x. 

Let 7 be a Lipschitz curve with ji = x and 70 = y. We interpolate with a parameter 
s G [0, 1], setting g(s) := PtQsfils)- Using (I3.15P and (I3.27P we obtain that g is absolutely 
continuous in [0, 1], so that we need only to estimate g'(s). For h > 0, we write 

g(s + h)- g(s) _ f Q s+h f -Q s f , P t Q s f(js +h ) - PtQsfils) 



h J x h dH ^-+ h 

and estimate the two terms separately. The first term can be estimated as follows: 

limsup / Qs+hf ~ QJ dH t 5 ls+h <~f D-(, S ) 2 dH^ 7s = - l -Gl{ ls ). (3.37) 

Here we applied Lemma [3731 with fh(x) = (Q s+ hf{x) — Q s f(x))/h, fih = H 4 5 7s+h and 
fi = Hi5 7s , taking (13.361) into account. 

The second term can be estimated as follows. By the upper gradient property of C(t)G s 
for P t (Q s f) we get 

limsup \MlIhf±hlf39liM\ < G s { ls )C{t)\j s \ (3.38) 

for a.e. s G (0, 1), more precisely at any Lebesgue point of I7I and of s t-> G S (7 S ). Com- 
bining (I3.37P and (I3.38P and using the Young inequality we get \P t Qif(x) — P t f(y)\ < 
C 2 (t)| Jq 1 |7 s | 2 ds. Minimizing with respect to 7 gives the result. □ 

Theorem 3.5. Let £ and (Pt)t>o be as in (12 .ip and (I2.20p . and let d be a distance on X 
under the assumptions (MD) and (13. 3p . Then (I3.27P and (I3.28P are satisfied by (Pt)t>o if 
and only if dW^-cont] ) holds. 
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Proof. We only prove the W 2 contraction assuming that (I3.27P and (13.281) hold, since the 
converse implication have been already proved in [25] (see also [5j Theorem 6.2]) and it 
does not play any role in this paper. 

We first notice that Kantorovich duality provides the identity 

l -W 2 {H t 8 x , H t S y ) = sup |P t Q!/(x) - P t f(y)\ 

where the supremum runs in the class of bounded, nonnegative Lipschitz functions / with 
bounded support. Therefore, Lemma [3.41 gives 

W 2 {H t 6 x , H t 5 y ) < C 2 (t)d 2 (x,y). (3.39) 

Now, given ^, v G &(X) with Vt^O-*, ^) < 00 and a corresponding optimal plan 7, we 
may use a measurable selection theorem (see for instance [111 Theorem 6.9.2]) to select in 
a 7-measurable way optimal plans 7 from H t 8 x to H t 5 y . Then, we define 

7o : = / l X ydj(x,y). 

JXxX 

and notice that, because of (13.341) . 7 is an admissible plan from \-\ t fi to \-\ t u. Since (I3.39j) 
provides the inequality J d 2 d7 < C 2 (t) J d 2 d~y we conclude. □ 

3.3 Energy measure spaces 

In this section we want to study more carefully the interaction between the energy and the 
metric structures, particularly in the case when the initial structure is not provided by a 
distance, but rather by a Dirichlet form £. 

Given a Dirichlet form £ in L 2 (X, m) as in (12. ip . assume that 23 is the m-completion 
of the Borel a-algebra of (X, r), where r is a given topology in X. Then, under these 
structural assumptions, we define a first set of "locally 1-Lipschitz" functions as follows: 

L := U) G G : T(^) < 1 m-a.e. in x\, L c := £ n C(X). (3.40) 

With this notion at hand we can generate canonically the intrinsic (possibly infinite) 
pseudo-distance [TO] : 

de(xi,x 2 ) := sup \ip{x 2 ) — if)(xi)\ for every Xi,x 2 G X. (3-41) 
We also introduce truncation functions G C : (R) satisfying 

S(r) = i 1 ^ r - lj |S'(r)|<l; S fc (r) := kS(r/k), reR,k>0. (3.42) 
10 if \r\ > 3, 

We have now all the ingredients to define the following structure. 
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Definition 3.6 (Energy measure space). Let (X,t) be a Polish space, let m be a Borel 
measure with full support, let 23 be the m-completion of the Borel a-algebra and let £ be 
a Dirichlet form in L 2 (X, m) satisfying ( 12.11) of Section [2TTT . We say that (X, r, m, £) is a 
Energy measure space if 

(a) There exists a function 

9 G C(X), 9>0, such that 9 k := S k o 9 belongs to £ for every k > 0. (3.43) 

(b) dg is a finite distance in X which induces the topology r and (X, dg) is complete. 

Notice that if xn(X) < oo and 1 G -D(£) then (13.431) is always satisfied by choosing 
9 = 0. In the general case condition (a) is strictly related to the finiteness property of the 
measure of balls (MD.b). In fact, we shall see in Theorem 13.91 that (X, dg,m) satisfies the 
measure distance condition (MD). 

Remark 3.7 (Completeness and length property). Whenever dg induces the topology r 
(and thus (X, dg) is a separable space), completeness is not a restrictive assumption, since 
it can always be obtained by taking the abstract completion X of X with respect to dg. 
Since (X, r) is a Polish space, X can be identified with a Borel subset of X [HJ Thm. 6.8.6] 
and m can be easily extended to a Borel measure m on X by setting m(B) := m(B ClX); in 
particular X \ X is m-negligible and £ can be considered as a Dirichlet form on L 2 (X,m) 
as well. Finally, once completeness is assumed, the length property is a consequence of the 
definition of the intrinsic distance dg, see [381 [36] m the locally compact case and the next 
Corollary 13.101 in the general case. 

In many cases r is already induced by a distance d satisfying the compatibility condition 
(MD), so that we are actually dealing with a structure (X, d,m, £). In this situation it is 
natural to investigate under which assumptions the identity d = dg holds: this in particular 
guarantees that (X, r, m, £) is an Energy measure space according to Definition 13.61 In the 
following remark we examine the case when £ is canonically generated starting from d and 
m, and then we investigate possibly more general situations. 

Remark 3.8 (The case of a quadratic Cheeger energy). Let (X, d,m) be a metric mea- 
sure space satisfying (MD) and let us assume that the Cheeger energy is quadratic (i.e. 
(X, d,m) is infinitesimally Hilbertian according to [20J), £ch := 2Ch. Then it is clear that 
any 1-Lipschitz function / G L 2 (X, m) belongs to Lq, hence dg > d. It follows that d = dg 
if and only if every continuous function / G -D(Ch) with |D/|^ < 1 is 1-Lipschitz w.r.t. d. 
In particular this is the case of RCD(i^, oo) spaces. 

If X = [0, 1] endowed with the Lebesgue measure and the Euclidean distance, and if 
m = ^2 n 2~ n 5 qn , where (q n ) is an enumeration of Q n [0, 1], then it is easy to check that 
Ch = (see [3] for details), hence dg(x, y) = oo whenever x ^ y. 

If d is a distance on X x X satisfying (MD), in order to provide links between the 
Dirichlet form £ and the distance d, we can also introduce a new set of Lipschitz functions 

L := |^ g Lip(X,d) : supp(^) is bounded, |D^| < lj, (3.44) 

and the following condition: 
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Condition (ED: Energy-Distance interaction), d is a distance onlxl such that (ED. a) 
every function ip G &c is 1-Lipschitz with respect to d; 
(ED.b) every function if; G L belongs to Lc- 

Theorem 3.9. If (X, r, m, £) is an Energy measure space according to Definition ^. 6\ then 
the canonical distance d £ satisfies conditions (MD, ED). 

Conversely, if £ is a Dirichlet form as in (12. ip and d is a distance on X x X inducing 
the topology r and satisfying conditions (MD, ED), then (X, r, m, £) is an Energy measure 
space and 

d(x\, x 2 ) — d&(xi, x 2 ) for every x±,x 2 <E X. (3.45) 

Proof. Let us first assume that (X, r, m, £) is an Energy measure space. (MD.a) is im- 
mediate since d £ is complete by assumption and r is separable. (ED. a) is also a direct 
consequence of the definition of £, since 

\^{x 2 ) - < d £ (xi, x 2 ) for every ip G L c , x 1: x 2 G X. (3.46) 

Let us now prove (MD.b) and (ED.b). 

We first observe that the function 9 of (I3.43P is bounded on each ball B r (y), y G X 
and r > 0, otherwise we could find a sequence of points y k G B r (y), k G N, such that 
6(]Jk) > 3fc and therefore 9 k (y k ) — 9 k (y) > k whenever 9{y) < k. This contradicts the fact 
that 9 k is 1-Lipschitz by (13.461) . As a consequence, for every y G X and r > there exists 
ky jr G N such that 

9 k (x) = k for every x G B r (y), k > k r ^ y . (3.47) 

In particular, since 9 k G L 2 (X, m), we get that all the sets B r (y) with y G X and r > 
have finite measure, so that (MD.b) holds. 

We observe that by the separability of X x X we can find a countable family (ip n ) C £c 
such that 

d£,(x 1 ,x 2 ) = sup \i) n (x 2 ) - ip n (xi)\ for every x u x 2 G X. (3.48) 

n 

We set 

d fc ,jv(xi,x 2 ) := ( sup \ip n {x 2 ) - i/> n (xi)\ J A 6> fc (x 2 ), 

V n.<7V / 

observing that for every t/6l the map x 1— > d k ^(y, x) belongs to £>q. Passing to the limit 
as ./V y 00 , it is easy to check that d k ^(y, •) — > d k (y, •) = d(y, •) A 9 k pointwise in X and 
therefore in L 2 (X, m), since 6> fc G L 2 (X, m). We deduce that d fc (y, •) G £ for every y G X 
and fceE 

Let us now prove that every map / G L belongs to £; it is not restrictive to assume / 
nonnegative. Since / is 1-Lipschitz it is easy to check that, setting f k = / A 9 k , it holds 

f k (x) = ( inf (/(z) + d £ (3,ar))) A0 fc (a;) = inf ((/fc(z) + d £ (z, x)) A 9 k (x)) 

= (inf (/*(*) + d £ (z,s) Afl t W)) Afl t (x) = (inf (f k (z) + d k (z, x))) A 9 k {x). 



31 



Let (zi) be a countable dense set of X. The functions 

fk,n( x ) '■= ( min fk(zi) +d k (zi,x)) A9 k (x) 

\ l<i<n J 

belong to £, are nonincreasing with respect to n, and satisfy < f ktU < 6 k . Since 

{xEX : 9 k (x) > 0} C {x E X : 8 3k (x) = 3k}, 

we easily see that m(supp(6 l fc )) < oo. Passing to the limit as n t oo, since z >->■ d k (z,x) is 
continuous, they converge monotonically to 

Qnf (f k (z) +d fc (z,x))) A^ fe (x) = / fc O), 

and their energy is uniformly bounded by m( supp(#fc)) . This shows that f k E L. Even- 
tually, letting k f oo and recalling that supp(/fc) C supp(/) and m(supp(/)) < oo by 
(MD.a), we obtain f E L. 

The converse implication is easier: it is immediate to check that (ED. a) is equivalent 

to 

d(x\, x-2) > dg(a;i, x-2) for every X\,X2 E X; (3.49) 

if (ED.b) holds and balls have finite measure according to (MD.b), we have x 1— > 
T k (d(y,x)) E £ for every y E X, where T fc (r) := r A Sjt(r). Since 

d(xi, x 2 ) = T fc (d(x 2 , Xi)) - T fc (d(x2, x 2 )) whenever k > d(xi, x 2 ), 

we easily get the converse inequality to f)3.49p . and therefore (13.451) and property (b) of 
Definition (13. 6p . In order to get also (a) it is sufficient to take 8(x) := d(x, Xq) for an 
arbitrary Xq E X. □ 

Theorem 3.10 (Length property of dg). If (X,t,M, £) is an Energy measure space then 
(X, dg) is a length metric space, i.e. it also satisfies (13.31) . 

Proof. We follow the same argument as in [381 EE]. Since (X,d) is complete, it is well 
known (see e.g. [131 Thm. 2.4.16]) that the length condition is equivalent to show that 
for every couple of points x ,Xi E X and e E (0, r) with r := d £ (x ,Xi) there exists an 
^-midpoint y E X such that 

T 

d E (y,Xi) < - + e, z = 0,l. 

We argue by contradiction assuming that B r / 2+£ (x ) D B r / 2+£ (xi) = and we introduce 
the function 




i/j is Lipschitz, has bounded support and it is easy to check that |D-^|(x) < 1 for every 
x E X since B r / 2+£ (x ) and B r / 2+£ (xi) are disjoint. It turns out that if) E L and therefore 
it is 1-Lipschitz by (ED). On the other hand ip(xo) — ip{xi) = r + e > dg(xo,xi). □ 
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We now examine some additional properties of Energy measure spaces. 

Proposition 3.11. Let (X, r, m, £) be an Energy measure space. Let f G Gfl Cb(X) and 
let ( : X — >■ [0, oo) be a bounded upper semicontinuous function such that r(/) < ( 2 m-a.e. 
in X. Then f is Lipschitz (with respect to the induced distance dgj and |D*/| < (. In 
particular ( is an upper gradient of f . 

Proof. We know that (ED) holds, by the previous theorem, and we set for simplicity 
d := dg. Since ( is bounded, / is Lipschitz by (ED. a). We fix x G X and for every e > 
we set G £ := sup^^ £■ The Lipschitz function 

m--= [\f(y)-f(x)\V{G £ SsMy,x)))] A(G £ S £ (d(x,y))) (3.50) 
belongs to V^; moreover 

1>(y) = G e S e (d(x,y)) iid(y,x)>e 

so that r(V') < G £ m-a.e. in X. It follows that ip is G e -Lipschitz and ip(y) < G £ d(y, x) for 
every y £ X since ip{x) = 0, so that 

D/W < limsup r < limsup — < G e . (3.51) 

y ^x o{y,x) y ^ x d{y,x) 

Since e > is arbitrary and lim £ ^ G £ = ((x) we obtain |D/(x)| < ((x). Since £ is upper 
semicontinuous and X is a length space, we also get |D*/| < £. □ 

The following result provides a first inequality between £ and Ch, in the case when a 
priori the distances d and dg are different, and we assume only (ED.b). 

Theorem 3.12. & be a Dirichlet form in L 2 (X, m) satisfying (12. ip of Section \2. 1\ and let 
d be a distance on X x X satisfying condition (MD). Then condition (ED.b) is satisfied 
if and only if for every Lipschitz function f G Lip(X) with bounded support we have 

feG, \Bf\ 2 >T(f) m-a.e. in X. (3.52) 

In particular, if (MD) and (ED.b) hold, we have 

2Ch (g) > £ (g) for every g G L 2 (X, m) , 
J D(Ch)cGcV, \Dg\ 2 w >r(g) for every g G D(Ch). 

Proof. The implication (j3.52p =>(ED.b) is trivial; let us consider the converse one. 

Up to replacing / with (/ + c) A Sfc(d(x , ■)) with c = su P_B 3fc (a;o)( — / ^ 0) ( n °ti ce that 
/ is bounded) we can assume that / is nonnegative, bounded, with support contained in 
B 3 k(xo) for some k > and xq G X. 
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Recall the Hopf-Lax formula (I3.9P for the map Q t ; if (fy) is a countable dense subset 
of X we define 

Q n J{x) =( mm f(zi) + ^-d 2 (z,,x)) A S fc (d(x , x)), (3.54) 

and we set I n (x) — {i G {1, . . . , n} : 2* minimizes (13.54]) }. 

The locality property and the fact that (f(zi) + d 2 (zj, -)/2t) A Sfc(d(a;o, •)) e V yield 



r(Q™/)(x) < A n (x) := - max d(x, Zj) m-a.e. in X. 

If we define the value Zi that realizes the maximum for A n (x) with the lowest 

index i G I n (x), the previous formula yields 

A n (x) = -d(x, z„(x)) for every x G X, (3.55) 

and it is not difficult to see that (z n (x)) n>Q is a minimizing sequence for Q t f(x): in fact, 
since Q t f(x) < f(x) < Sk(d(x ,x)), we have 

0<Qtf(x)<Q?f(x)<S k (d(x ,x)), Q n t f{x)lQ t f{x) as n t oo, 

and 

— d 2 (x, z„(x)) + f(z n (x)) ->■ Qt/(a;) as n -)• oo. 

It follows that 

limsupy4 n (x) = limsup -d(x, z n (x)) < D + (t, x). 

n— >oo n— >oo C 

Since Q™f is supported in a bounded set, it is uniformly bounded, and it pointwise con- 



verges to Qtf ■ Considering any weak limit point G of yT(Q™/)(x) in L 2 (X) we obtain 
by (EUD 

T(Q t f)(x)<G\x)< (D+( ^ t}) m-a.e. 

Since / is Lipschitz, it follows that D + (x,t)/t is uniformly bounded. Integrating (I3.13P on 
an arbitrary bounded Borel set A and applying Fatou's Lemma, we get 

/ |D/| 2 (x)dm(x) > [ limsup / ( ^ Y dr dm 

J A J A 40 Jo V ir 7 

> limsup / / ( J dm dr > lim sup / / r(Q tr /) (x) dmdr 

40 Jo ^ ^ r ' 40 Jo J A 

> [ liminff / r(Q ir /)(x)dm)dr > / r(/)dm, 
Jo v Ja y 

where in the last inequality we applied (I2.17P once more. Since A is arbitrary we conclude. 

□ 
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In order to conclude our analysis of the relations between £ and Ch for Energy measure 
spaces (X, r, m, £) we introduce a further property 



Definition 3.13 (Upper regularity). Let (X, r, m, £) be an Energy measure space. We say 
that the Dirichlet form £ is upper-regular if for every / in a dense subset of V there exist 
/„6Gfl Cb(X) and g n : X — > R bounded and upper semicontinuous such that 

r(/ n ) < g n ttl-a.e., f n / strongly in L 2 (X,m), limsup / g 2 dm <£(/). (3.56) 

rn>oo J X 

Theorem 3.14. Let (X, r, m, £) be an Energy measure space. Then the Cheeger energy 
associated to (X, d£,m) coincides with £ i.e. 

£(/) = 2Ch(/) for every feL\X,m), (3.57) 

z/ and on/?/ z/ £ is upper-regular. In this case G = V, £ admits a Carre du Champ V and 

T(f) = \Df\l m-a.e. in X for every f G V. (3.58) 

In particular, the space V n Lip fe (X) z's dense in V. // moreover ( MD.exp ) holds, then 
(Pt)t>o satisfies the mass preserving property (I2.20p . 

Proof. Since Ch is always upper-regular by (I3.18p . the condition is clearly necessary. In 
order to prove its sufficiency by (I3.53j) of Theorem l3.12l we have just to prove that every / e 
V satisfies the inequality 2Ch(/) < £(/). If f n ,g n are sequences as in (I3.56p . Proposition 
13. Ill yields that f n are Lipschitz and 

|D/ n | < g n , Ch(/ n ) < \ J |D/ n | 2 dm<^J g 2 n dm. 

Passing to the limit as n — > oo we obtain the desired inequality thanks to the lower- 
semicontinuity of Ch in L 2 (X, m). The last statement of the Theorem follows by [5J 
Thm. 4.20]. □ 



3.4 Riemannian Energy measure spaces and the BE(i^, oo) con- 
dition 

In this section we will discuss various consequences of the Energy measure space axiom- 
atization in combination with BE(J^, oo). From now on it will be always be implicitly 
assumed that an Energy measure space (X, r, m, £) is metrized by its canonical distance 
d £ . 

Taking into account the previous section the Bakry- Emery condition BE(i^, N) as 
stated in Definition 12.41 makes perfectly sense for a Energy measure space (X, r, tn, £). 
In the next result we will show that under a weak-Feller property on the semigroup (Pt)t>o 
we gain upper-regularity of £, the identifications £ = 2Ch of Theorem 13.141 and L = Lq. 
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Theorem 3.15. Let (X, r, m, £) be a Energy measure space satisfying the BE(X, oo) con- 
dition. Then, its Markov semigroup {Pt)t>o satisfies the weak-Feller property 

f G L P t f G C 6 (X) /or every t > (w- Feller) 

z/ and only if 

L = £ c , (3.59) 

z.e. z/ every function / G £ admits a continuous representative. In this case £ zs upper- 
regular and, as a consequence, (13. 57ft . (13.58?) /io/d. 

Proof. The implication (13 . 59H ^> ( Iw-FcllcrT) is easy, since the Bakry- Emery condition 
BE(X,oo) (i.e. ( 12381) with z/ = 0) and the bound r(/) < 1 given by (ED.b) yields 
e Kt P t f G L. 

Now we prove the converse implication, from (lw-Fcllcrl) to (I3.59p . The Bakry-Emery 
condition BE(X, oo) in conjunction with (ED.b) and (lw-Fcllcr|) yield c Kt Ptf G £>c f° r 
every / G L and t > 0, thus in particular e Ptf is 1-Lipschitz by (ED. a). Let us now 
fix / G £ fl L°°(X, m) and let us consider a sequence of uniformly bounded functions f n G 
Lip fe (X) fl L 2 (X, m) with bounded support converging to / in L 2 (X, m). By the previous 
step we know that P t f n G Lip b (X) and the estimate (I2.56|) shows that r(P t / n ) < C/t for a 
constant C independent of n. (ED) then shows that Lip(P t / n ) < C/t; passing to the limit 
as n — )■ oo, we can find a subsequence — > oo such that lim^oo P 4 / nfe (x) = Pt/(x) for 
every x G X \ N with m(K) = 0. Since Pt/ n are uniformly Lipschitz functions, also P^/ is 
Lipschitz in X \ N so that it admits a Lipschitz representative ft in X. 

On the other hand, BE(X, oo) and (ED) show that Lip(/ t ) < e~ Kt . Passing to the 
limit along a suitable sequence t n I and repeating the previous argument we obtain that 
/ admits a Lipschitz representative. 

Let us prove now that £ is upper regular, by checking (I3.56P for every / G V^, which 
is dense in V. Observe that the estimate (12 .56 p . (I3.59P and (ED. a) yield that , for every 
t > and every function g G L? fl L°°(X, m), P t g admits a Lipschitz, thus continuous, and 

bounded representative g t . Choosing in particular g := ^/r(/) we obtain by (I2.58P 

r(Pt/) < e~ 2Kt gl PJ / in L 2 (X,m), Urn [ e'^dm = / g 2 dm = £(/). □ 

^° J x J x 

According to the previous Theorem we introduce the natural, and smaller, class of 
Energy measure spaces (X, r, m, £), still with no curvature bound, but well adapted to the 
Bakry-Emery condition. In such a class, that we call Riemannian Energy measure spaces, 
the Dirichlet form £ coincides with the Cheeger energy Ch associated to the intrinsic 
distance dg and every function in £ admits a continuous (thus 1-Lipschitz, by the Energy 
measure space axiomatization) representative. 

Definition 3.16 (Riemannian Energy measure spaces). (X, r, m, £) is a Riemannian En- 
ergy measure space if the following properties hold: 
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(a) (X, r, m, £) is a Energy measure space; 

(b) £ is upper regular according to Definition 13.13} 

(c) every function in £ admits a continuous representative. 

The next Theorem presents various equivalent characterizations of Riemannian Energy 
measure spaces in connection with BE(K, oo). 

Theorem 3.17. The following conditions are equivalent: 

(i) (X, r, m, £) is a Riemannian Energy measure space satisfying BE(A', oo). 

(ii) (X, t, m, £) is a Energy measure space satisfying ( Iw-Feller j ) and BE(K, oo). 
(Hi) (X, t, m, £) is a Energy measure space satisfying L = L c and BE(K, oo). 

(iv) (X, r, m, £) is a Energy measure space with £ upper regular, and for every function 
f G L 2 (X,m) nLip fe (X) with \Df\ G L 2 (X,m) 

PjGLip(X), |DPJ| 2 <e- 2 ^P t (|D/| 2 ) m-a.e. m X. (3.60) 

(v) £ is a Dirichlet form in L 2 (X, m) as in (12.11) . d is a distance on X x X inducing 
the topology r and satisfying conditions (MD,ED.b), and for every f G Lcr\L°°(X) 
and t > 

P t /eLip 6 (X), |DPjf <e- 2X4 pr(/) m-a.e. in X. (3.61) 



// one of the above equivalent conditions holds with (MD.exp), then (13.271) holds, the 
semigroups (Pt)t>o and (H 4 ) 4 > are well defined according to Proposition \3.2i H 4 (/i) <ti m 
for every t > and fi G &{X), and the strong Feller property 

P 4 maps L 2 n L°°(X, m) into Lip fe (X) (S-Feller) 

holds with 

\DP t f\ 2 = r(P t /) m-a.e. mX /or every t > 0, / G L 2 n L°°(X, m). (3.62) 
Eventually (recall ( 12.48P /or t/ie definition ofl2K{t)) 

2l 2K (t) |DP/| 2 < P/ 2 /or every t G (0,oo), / G L°°(X,m), (3.63) 
an<i in particular 



'2l 2K {t) Lip(P/) < ||/|U- ( x,m) /or every t G (0, oo). (3.64) 
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Proof. The equivalence ©^©^(Jm} is just the statement of Theorem 13.151 

Let us first prove the implication (jvj) =>• (luj) . Since L is contained in Lq we immediately 
get ( Iw-Feller j ) . ( 13.611) also yields the density of Voo in V and, thanks to ( 13.521) . condition 
(12.58P for BE (if, oo). Since (P*)t>o is order preserving, (13.521) and (jvj) yield (ED. a): if 
/ G £c then (13.611) yields Ptf Lipschitz with constant less then e~ Kt . Since along a 
suitable vanishing sequence t n 4- P tn f — > f m-a.e. as n | oo, arguing as in the proof of 
Theorem 13.151 it is easy to check that / is 1-Lipschitz. We can thus apply Theorem 13.171 
to get that (X, r, m, £) is an Energy measure space with d = dg. Since (Jn]) in particular 
shows that £ is upper-regular, we proved that (jvj) =>■ (jivj) as well. 

The implication ( Irvl) =>■ (jn]) is also immediate: by the density of VnLip b (A" ) in D(Ch) = 
V stated in Theorem 13.141 and the upper bound (13.521) we get (I2.58P which is one of the 
equivalent characterizations of BE(if, oo). Moreover, (13.601) clearly yields Ow-FellerO . 

Let us now assume @ and observe that the estimate (12.561) and the property £ C 
Lip(X) yield that for every t > and every function / G L 2 PI L°°(X, m) P t f admits a 
Lipschitz representative satisfying (13.641) . Moreover, if / is also Lipschitz, (j2.58j) yields the 
estimate (13.27P with C{t) := e~ Kt . We can then apply proposition 13.21 and conclude that 
when / G Q,pT) n L 2 (X, m) the Lipschitz representative of P t f coincides with P t f. Since 
by definition 

P t f(x)= / f dH t 5 x for all Borel / bounded from below 
Jx 

we can use a monotone class argument to prove the identification of P t with the continuous 
version of P t in the general case of bounded, Borel and square integrable functions. Notice 
that we use (13.641) to convert monotone equibounded convergence of f n into pointwise 
convergence on X of (the continuous representative of) Ptf n , t > 0. 

Another immediate application of (I3.64p is the absolute continuity of H t fi w.r.t. m 
for all fi G £P(X) and t > 0. Indeed, if A is a Borel and m-negligible set, then PtXA 
is identically null (being equal to PtXA, hence continuous, and null m-a.e. in X), hence 
( I3.32p gives H t fi(A) =0. As a consequence, we can also compute Ptf(x) for m-measurable 
functions /, provided / is semi-integrable with respect to H t 5 x . 

If now / G £ (I238|) then yields 

r(P t /) < e" 2ia P f r(/) m-a.e. in X, (3.65) 

and Proposition 13.111 yields (13.61 1) since P t r(/) is continuous and bounded. This concludes 
the proof of the implication (jil) =j> (jvj). A similar argument shows (I3.63j) . starting from 
(I2~56|) . 

Let us eventually prove (13.621) . Since the inequality > is true by assumption, let us see 
why ( 13. 6 1 1) provides the converse one: we start from 

|DP t /| 2 < e- 2K£ P e {T(P t . e f)) for every e G (0,i). 

Recalling that r(P t _ 6 /) converges strongly in L 2 (X, m) to r(P t /) as e I 0, we get (I3.62p . 

□ 
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Recalling Theorem I3.17[ Theorem 13. 5[ the characterization (I3.60p . and the notation 
(I3.29p . we immediately have 

Corollary 3.18. Let (X, r, m, £) be a Energy measure space satisfying the upper-regularity 
property (13.561) (in particular a Riemannian one) and ( MD.exp ). 

Then BE(K, oo) holds if and only if the semigroup (Pt)t>o satisfies the contraction property 



W 2 ((P t f)m, (P t g)m) < e~ Kt W 2 (fm, gm) for every f,geZ. 



(3.66) 



4 Proof of the equivalence result 

In this section we assume that (X, r, m, £) is a Riemannian Energy measure space satisfying 
(MD.exp) (relative to dg) and the BE(K, oo) condition, as discussed in Section [3.41 In 
particular all results of the previous sections on existence of the dual semigroup (H t )t>o, 
its WVcontractivity and regularizing properties of {Pt)t>o are applicable. Furthermore, 
by Theorem I3.14[ the Dirichlet form setup described in Section [2] and the metric setup 
described in Section [37T1 are completely equivalent. In particular, we can apply the results 
of 0. 



4.1 Entropy, Fisher information, and moment estimates 

Let us first recall that the Fisher information functional F : L+(X, m) — > [0, oo] is defined 

by 

F(/):=4£(v7) \/7eV, (4.1) 
set equal to +oo if v7 £ L 2 (X,m) \ V. Since f n — > f in L\_(X, m) implies \ff^ — > v7 i n 
L 2 (X, m), F is L 1 -lower semicontinuous. 

Proposition 4.1. Let f G L\(X,m). Then y/J eV if and only if f N := min{/, N} G V 
for all N and J x r(/) //dm < oo. If this is the case, 

F(/)= I ^f-dm. (4.2) 

J{f>0} J 

In addition F is convex in L\_(X,m). 

We refer to [3j Lemma 4.10] for the proof. 

By applying the results of [3] we can prove that (Hj)j>q is a continuous semigroup in 
,^2{X) and we can calculate the dissipation rate of the entropy functional along it. Some 
of the results below are very simple in the case va(X) < oo. 

Lemma 4.2 (Estimates on moments, Fisher information, metric derivative). For every 
p, G &2{X) the map t i— > fit '■— H t /2 is a continuous curve in £?2{X) with respect to W 2 . 
Moreover, for every T > there exists Ct > such that 

I F(P s /)ds+ I fv 2 P t fdmds<C T (Ent^(fx)+fv 2 dfj}) (4.3) 

J J J X J X 
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for all fi = fm with Ent m (/i) < oo. In addition, if f G L 2 (X,m), it holds 

N 2 <F(R/) fora.e. t > 0. (4.4) 

Proof. The estimate (14.31) follows pH Thm. 4.20], thanks to the integrability condition 
(13T231) . when / G L 2 (X,m). In the general case it can be recovered by a truncation 
argument, using the lower semicontinuity of F. The estimate (14.41) follows by [31 Lemma 
6.1], which can be applied here since the Dirichlet form £ coincides with the Cheeger energy 
(Theorem EH}. 

Concerning the continuity of the map t y Y\ t Ji with respect to Wi for every fl G ^ > i[X'), 
it is a standard consequence of contractivity and existence of a dense set of initial conditions 
(namely the set _D(Ent m ) := {u G 3?i{X) : Ent m (i/) < oo}) for which continuity holds up 
to t = 0. □ 



Integration by parts for probability densities 

We shall see now that assuming the Bakry-Emery BE(K, oo) condition, integration by 
parts formulae for the operator can be extended to probability densities with finite 
Fisher information, provided that the set of test functions <p is restricted to the spaces 
Xx>>Xx> defined in (12.611) . Recall that V^, are strongly dense in V and that 

r (tp £ - <p) A in L°°(X, m) as e I for every <p G V^, (4.5) 

where ip £ are defined as in (12.281) . since T(tp £ — </?) is uniformly bounded and converges to 
in L\X, m). 

In the sequel we introduce an extension of the bilinear form T(f,gj, denoted T(f,g), 
which is particularly appropriate to deal with probability densities / with finite Fisher 
information and test functions <p G V^. 

Definition 4.3 (Extension of T(f,ip)). Let / = g 2 G L\(X,m) with F(/) = 4E(g) < oo. 
For all ip G we define 

f(f,<p) :=2gT(g^). (4.6) 
The definition is well posed, consistent with the case when / G V, and it holds 

f (/» = lim T(f N ,<p) in L\X,m), (4.7) 

thanks to (12.121) and to the fact that if F(/) < oo then f N = (#at) 2 G V, where gjy := 
g A VN; it follows that r(/jv,y>) = 2gXN^(g, <p) , Xn being the characteristic function of 
the set {/ < iV} and 

/ \f(f 1 <p)-r(f N ,< P )\dm = 2[ \i-x N \gr(g,<f)dm< (lir^lUFC/) / /dm 

JX JX V J{f>N\ 



thus proving the limit in (I4.7p . The same argument provides the estimate 

1/2 



jT V|f(/,v)|dm< V^U)U^{<p)f^ <P^L ^>0. (4.8) 



40 



Theorem 4.4 (Integration by partsof A^). If BE(A', oo) holds, then for every f G 
L\_(X,m) with F(/) < oo we have 

/ f(/»dm=-/ /A £ ^dm for every <p G V^. (4.9) 

In addition, if f G D(Ag ) /io/ds 

/ f(/»dm=- / A^/pdm G V^. (4.10) 

Proof. Formula (I4.9p follows by the limit formula in (14. 7p simply integrating by parts before 
passing to the limit as iV — > oo. Assuming now / G D(A { 1 ] ) we have 

- / A( 1) /^dm = limi / (/ - P t f)<pdm = lim ~ / f(<p - P t <p) dm 
Jx ^ t Jx 1 Jx 

= \im [ [ /A £ (P sV ?)dmd S = lim / / f(/, P s <p) dmds = / f(j», 
Jo Jx '-I- Jo Jx Jx 

where the last limit follows by ( 14. 8 j) and the fact that 

r(- / P s (pds-<f) <- [ r(P s (^-^)ds A inL°°(X,m) asi|0. □ 
^ Jo ' t Jo 

4.2 Log-Harnack and LlogL estimates 

Lemma 4.5. Lei : [0, oo) — > K. 6e a function of class C 2 , let f G Lip b (X, m) D V and Ze£ 
/i G &(X). The function 

G(s):= f u;(P_j)dH s/ u s G [0, i], (4.11) 
Jx 

belongs to C°([0,t]) (lC l (0,t) and for every s G (0,t) z'i no/ds 

G'(s) = / u/'(P t _ s /)r(P t _ s /)dH s //. (4.12) 
Jx 

Proof. Since H sy u are all probability measures is not restrictive to assume oo{0) = 0. Con- 
tinuity of G is obvious, since Pt- S f are equi-Lipschitz, equi-bounded and the semigroup H t 
is weakly-continuous. Let us first consider the case fi = (m with ( G L 1 D L°°(A, m) (in 
particular £ G L 2 (A, m)). Setting f t _ s := Pt- S f and ( s := P s (, we observe that a.e. in the 
open interval (0, t) the following properties hold: 

- s H- ( s is differentiable in L 2 (X, m); 
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- s i — y u(ft-s) is differentiable in L 2 (X, m), with derivative — a;'(/t_ s )Ae/ t _ s . 
Therefore the chain rule ( 12 . 1 8[) gives 

G'(s) = - [ u/(/ t _ s )C s A £ / t _ s dm + [ w(/ t _ 8 )A £ C.dm 
Jx Jx 

= ! (r(w , (/ t -)C-,/t-*)-r(a;(/ t - s ) J C-))dm= / W "(/^)r(/t-,)( s dm 

for a.e. s G (0, t). But, since the right hand side is continuous, the formula holds pointwise 
in (0, t). The formula for arbitrary measures fi = (m G &(X) then follows by monotone 
approximation (i.e. considering ( n = min{£, n}/c n with c„ | 1 normalizing constants), 
by using the uniform L°° bounds on u" (ft- s ) an d on r(ft-s) (and the formula (I4.12p for 
G' still provides a continuous function). Finally, if /i G &{X) we approximate \x by the 
absolutely continuous measures /i £ = H e/ u, and, passing to the limit in the formula (where 
we use the fact that Pt is also selfadjoint in the canonical pairing between L l and L°° and 
the absolute continuity of H s /i) 



d 
cb 



/ cu(f t _ s )dH sf t £ = [ tu"(f t _ s )T(f t „ s )dH s ^= [ P £ (co"(f t . s )T(f t . s ))dH sl x 
Jx Jx Jx 



we conclude. □ 

In order to prove the LlogL regularization we use the next lemma, which follows by a 
careful adaptation to our more abstract context of a result by Wang [33J Theorem 1.1(6)]. 

Lemma 4.6 (Log-Harnack inequality). For every nonnegative f G L X (X, m) + L°°(X, m), 
t > 0, £ 6 [0,1], and x, y G X we have log(l + /) G L l (X, H t 5 y ) with 

P*0og(/ + e))(y) < log (P t f(x) +e)+ (4.13) 

Proof. In the following we set u £ (r) := log(r + e), for r > and e G (0, 1]. Let us first 
assume in addition that / G Lip b (X) flL 1 (X, m) D V, let 7 : [0, 1] -)• J be a Lipschitz curve 
connecting x to 2/ in X, and, recalling the definition (I2.48P of 1^, let 

7 r = 7e(r) , with #(r) = ^2, rG[0,t]. 

WW 

We set f t _ s := P t _ s / and, for r G [0, £] and s G (0,t), we consider the functions 

G(r,s):= J u £ (f t - s )dH s 5 % = F s tf r ) with F fl (x) := P s (u e (f t - B )) (x). (4.14) 

Notice that Lemma l4~5l wit h /x = &y r ensures that for every r G [0, i] the function s h-> G(r, s) 
is continuous in [0,t] and continuously differentiable in (0, £), with 

§- s G(r,s) = J t^(/^)r(A_) dH,V (4.15) 
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This gives immediately that G(r, •) are uniformly Lipschitz in [0,t] for r G [0, t]. On the 
other hand, since 7 is Lipschitz, the map r 1— > P s 5^ r is Lipschitz in [0,t] with respect to 
the L 1 -Wasserstein distance W\ uniformly w.r.t s G [0,t\. Hence, taking also the fact that 
cj(fts) are equi-Lipschitz into account, it follows that also the maps G(-,s) are Lipschitz 
continuous in [0, t] with Lipschitz constant uniform w.r.t. s G [0, t]. These properties imply 
that the map s 1— > G(s, s) is Lipschitz in [0,t]. 

Since the chain rule and (I3.6ip (which can be applied since we can subtract the constant 
o; e (0) from F s without affecting the calculation of its slope) give 

|DF s | 2 <e- 2 ^P s (K(/,_ s )) 2 r(/,_ s )), 

we can use 6'{r) = e 2Xr /I 2 x(^) to get the pointwise estimate 

e^ limsup eiM^M< y/^) M e«'\DF a m 
HO h VW(*) 

12 



Applying the calculus lemma [21 Lemma 4.3.4] and using the identity u" = —(u' e ) 2 , the 
previous inequality with r = s in combination with (I4.15P gives 

d G(s,s-h)-G(s,s) \G(s + h,s)-G(s,s)\ 

—Gis, s) < hm ; h hmsup ; 

as hio h hio h 

<^)jrC a.e.in(0,t). 

An integration in (0, t) and a minimization w.r.t. 7 yield 

We (/) dH^ < Ue (J t )(x) + (4.16) 

If / G L°°(X, m) we consider a uniformly bounded sequence (/„) contained in Lip fe (X, m) D 
L 1 (X, m) fl V converging to / pointwise m-a.e. Since u £ > log(e) and P t f n converges to P t f 
pointwise, Fatou's Lemma yields ( I4.16P also in this case. Finally, a truncation argument 
extends the validity of ( 14. 16ft and (14. 131) to arbitrary nonnegative / G ^(X, m)+L°°(X, m). 
Passing to the limit as e 4- we get ( 14.131) also in the case e — 0. 

Finally, notice that (I4.16P for e = 1 and the fact that P t f(x) is finite for m-a.e. x yield 
the integrability of log + / with respect to H^. □ 

In the sequel we set 

H t 5 y = u t [y]m, so that P t f(y)= / fu t [y) dm (4.17) 

Jx 

for every m-measurable and semi-integrable function /. 
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Corollary 4.7. For every t > and y E X we have 

J^u t [y}\og(u t [y})dm<\og(u 2t [y}(x)) + ^^- form-a.e. x E X. (4.18) 
In particular, when m is a probability measure, 

u 2t [y](x)>exv(-^^-) for m-a.e. x E X . (4.19) 

Proof. Simply take / = u t [y] in (I4.13P and notice that Ptf(x) = u 2t [y](x) for m-a.e. x E X 
by the semigroup property. □ 

In the next crucial result, we will show that (I4.18P yields Ent m (H t /x) < oo for every 
measure /i E 0P 2 {X\ 

Theorem 4.8 (LlogL regularization) . Let fj, E £P 2 (X) and let f t E L l (X, m) be the 
densities of H t fi E & 2 (X). Then 

Jj t \ogf t dm< ^-l^(r 2 + ^d 2 (x,x )d/i(x)) - log (m(5 r (x ))) (4.20) 
for every Xq E X and r, t > . 

Proof. By approximation, it suffices to consider the case when /x = fm with / E L 2 (X, m). 
Let us fix xq E X, r > and set z = m(B r (x )) and z/ = z _1 mL5 r (io)- Notice first that 
we have the pointwise inequality 

P t f(z) log(P t /(z)) = ( J u t [z] d/i) log ( J ut[z] df?) < J u t [z](y) log {u t [z]{y)) dfx(y). 

Since Ptf = ft m-a.e., integrating with respect to m and using the symmetry property of 
u t, f|4.18p . and Jensen's inequality, we get 

J f t hg(ft) dm < J ( J u t [y]{z) \ogu t [y]{z) dm(*)) dfi(y) 

u t [y](z) \ogu t [y}(z) dm(z)) du(x)dfjt(y) 



XxX X JX 



< I (log (u 2t [y](x)) + ^|||) dv(*)Mv) 



XxX 



< 

where we used the inequality 



log Z + 2l 2K (t) ^ + j x d2( - X ' ^ d/i ^) ' 



/ u 2t [y](x)du(x) = - I u 2t [y](x)dm(x) < -. □ (4.21) 

JX z JB r (x ) z 
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We conclude with a further regularization and an integration by parts formula for A^p 
in a special case. Notice that thanks to the regularizing effect of H t we can extend f) e to 
measures p G ^PO, i-e. we set 

1 f°° 

ff/i := - / f r K{r/e)dr, f r m=H r p for r > 0, (4.22) 
£ Jo 

obtaining a map (f : ^ 2 (X) ^(A^). 

Lemma 4.9. Lei /i G &2{X) and let f = \fp as in ( 14.221) . Then for every e, T > there 
exists a constant C(e,T) such that 

F(P t /) < C7(e, T) (l + y \/ 2 d/i) (4.23) 

and, writing p t = Ptfxn, 

\fit\ 2 < C(e,T)(l + J V 2 dp^j for J^-a.e. t G[0,T]. (4.24) 

Moreover, for every bounded and nondecreasing Lipschitz function u : [0, oo) — > R swc/i 
i/iai sup r ruj'{r) < oo, we have 

[ u(f)A { l ] f dm + 4 / V(/)r( v / 7)dm<0. (4.25) 

Proof. Combining (I4.3p . (I4.20p . the commutation identity P t t) e = t) e Pt, and the convexity of 
F we get f)4.23p . We obtain immediately the Lipschitz estimate (I4.24p from (14.231) and f)4.4p 
when / G L 2 (X, m). The general case follows by a truncation argument. Concerning (14.251) . 
if p = fm with / G L 2 (X, m), then / G L 2 (X, m), a£ } f = A £ / G L 2 (X, m) and the stated 
inequality is an equality, by the chain rule T(f,tu(f)) = tu'(f)T(f) = Afco'(f) r(-y/7). In 
the general case we approximate p in ^ 2 {X) by a sequence of measures p n = f n m with 
/„ G L 2 (X, m) and we consider / n = f) e /i n . By ( 12.301) we obtain that Ag /„ — > A^/ in 
L X (X, m) while, setting </>(s) = J Q S ^/ r 2 u'(r 2 ) dr, the lower semicontinuity of (7 1 — ?• j dm 
and the strong convergence of v7n to v7 in L 2 (X, m) give 

4/ /a/(/)r(v7)dm = f r(</>(v7))dm<liminf / r(0(v^)) dm 

= liminf / / nW , (/„)r( v ^:)dm. □ 

Motivated by the regularity assumptions needed in the next section, we give the fol- 
lowing definition. 

Definition 4.10 (Regular curve). Let p s = f s m G £P(X), s G [0,1]. We say that p is 
regular if: 
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(a) pGAC 2 ([0,l];(^ 2 (A),^ 2 )); 



(b) Ent m (p s ) is bounded; 

(c) /e^lliL^m)); 

(d) There exists t] > such that for all s G [0, 1] the function f s is representable in the 
form f)V s for some f s e L\X,m); in addition A { p f G C([0, 1]; L^m)) and 

sup{F(P t / s ) : sG [0,1], *e [0,T]}<oo VT > 0. (4.26) 

In particular, if p s = f s m is a regular curve, for every T > there exist positive 
constants M T , E T , F T such that 

/ V 2 dH tPs < M T , Ent m (P t p s ) < E T , F(P t / s ) < F T s G [0, 1], t G [0,T]. (4.27) 

Proposition 4.11 (Approximation by regular curves). For all p G AC 2 ([0, 1]; (<^ 2 (A), W^)) 
there exist regular curves p n such that p™ — > p s in &2{X) for all s G [0, 1] and 

limsup / |p"| 2 ds< / |p s | 2 ds. (4.28) 

n JO Jo 

Proof. First we extend p by continuity and with constant values in (—00, 0) U (1, 00). Then, 
we define p"' 1 := H Tn p s , with r" 1 G [n, 2n]. By the contractivity properties of H i; we see 
that p™' 1 fulfills the first two requirements of the lemma and (I4.28p . but we need to check 
regularity. Indeed, obviously condition (a) is fulfilled, while we gain absolute continuity 
of p'™' 1 and sup s Ent m (p™' 1 ) < 00 by Theorem 14.81 In order to achieve condition (c) we do 
an additional regularization, by averaging w.r.t. the s variable: precisely, denoting by J"' 1 
the densities of p™' 1 , we set p™' 2 := /™' 2 m, where 

/;' 2 := / funis') ds> (4.29) 

and Xn £ C^dQ are standard convolution kernels convergent to the identity. By the 
convexity properties of squared Wasserstein distance and entropy we see that properties 
(a), (b) are retained and that the action does not increase. In addition, we clearly gain 
property (c). In the last step we mollify using the heat semigroup, setting p™ := /"m, 
where /" = f) £n /"' 2 and e n I 0. By the same reasons used for p n ' 2 , properties (a), (b) are 
retained by p n and the action does not increase. In addition, (c) is retained as well since 
h e is a continuous linear map from L X (A, m) to Z?(Ag ). Finally, (I4.23P provides the sup 
bound on Fisher information. □ 
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4.3 Action estimates 



This section contains the core of the arguments leading to the equivalence Theorem 14.171 
We refer to [15] for the underlying geometric ideas in a smooth Riemannian context and 
the role of the Bochner identity. Here we had to circumvent many technical difficulties 
related to regularity issues, to the lack of ultracontractivity properties of the semigroup 
(Pt)t>o (i- e - regularization from L 1 to L°°), and to the weak formulation of the Bakry- Emery 
condition. 

Since we shall often consider regular curves of measures p G AC 2 ([0, 1]; (^(^O, W2)), 
representable in the form p = fm with / G C 1 ([0, 1]; ^(X, m)), we shall denote by / G 
C([0, 1]; ^(X, m)) the functional derivative in m), retaining the notation \p t \ for the 

metric derivative w.r.t. Wi- 

We begin with a simple estimate of the oscillation of s ^ J x <p dp s along absolutely 
continuous or C 1 curves. 

Lemma 4.12. For all p G AC 2 ([0, 1]; (^ 2 P0, W 2 )) it holds 

/ fdp 1 - / y?dp < / \Ps\\ / \D(p\ 2 dp s ds for every <p G V^. (4.30) 
Jx Jx Jo y J x 

If moreover p = fm with f G C 1 ([0, 1]; L X {X, m)) , for all if G V^, it holds 

J^fsV dm < |p s |QjD^| 2 dp^) 1 for if x -a.e. se (0,1). (4.31) 

Proof. It is easy to check that (I4.30p can be obtained using the representation of p s given 
by Lisini's theorem [26] (see [3j Lemma 5.15]). 

Choosing now a Lebesgue point s both for s \p s \ 2 and f x \ D(p\ 2 dp s , for all a > we 
can pass to the limit as h 4. in the inequality 



Lp dp s+ h - V 2 dp. 



A 



X 



1 

< 

~ 2h 



s+h 



a\p s \ 2 + -J \Dtp\ 2 dp s ) ds 



□ 



and then minimize w.r.t. a, obtaining ( I4.3ip . 

Lemma 4.13. Let p = fm G AC 2 ([0, 1]; (<^ 2 P0, W 2 )) be a regular curve according to 
Definition ^. 10[ and let ■& : [0, 1] — > [0, 1] be a C 1 function with —%, i — 0, 1. Define 

p s ,t ■= H st p^ (s ) = /, )t m, s G [0,t], t > 0. 

Then, for every t > i/ie curve s >->■ p s>t belongs to AC 2 ([0, 1]; (<^ 2 P0> ^2)) an< ^ ^{fs,t) 
is uniformly bounded. Moreover, for any if G Lip b (X) bounded support, setting (f s : = 
Q s <y9, the map si—)- f x <p s dp s ,t absolutely continuous in [0, 1] an<i 



— / ip s dp t ,s = i?(s) 
ds 

for^-a.e. s G (0,1). 



A 



/ a Rrt^ fl dm - - / |D<^| 2 dp M - t / f(/ M , p,) dm (4.32) 



A 
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Proof. We only consider the case t > and we set p s : = p$( s ) = f s m. Notice that f s ,t = P s tf s 
and p s satisfies the same assumptions than p s . Since H t is a Wasserstein i^-contraction 

W 2 (p S(hUPsut ) < e- Ksot W 2 (p SOJ H {si _ So)t p sl ) < e- Ksot (w 2 (p so ,p Sl ) + W 2 (p ai , H (si _ So)t p fll )) , 

and ( I4.24p and the regularity of p give 

W 2 (p Sl , H {si _ So)t p Sl ) < C(p, T)(s 1 - s )t whenever (s t - s )t < T. 

We conclude that s ^ p Stt belongs to AC 2 ([0, 1]; (^ 2 (X), W 2 )). Moreover, using the split- 
ting 

/ V Sl dp Sut - / <p So dp So j= / p Sl dp Sl>t - / p So dp Sl)t + / cp So dp Sl>t - / p So dp Sl>t 
Jx Jx Jx Jx Jx Jx 

< ~ p So \\oo + Up(p So )W 2 (p 31 , p So ) 

we immediately see that also si-> f x p s dp s j is absolutely continuous. In order to compute 
its derivative we write 

J ifs+h dp s+h ,t - J Ps dp s ,t = J ifs+h dp s +h,t - J Ps dp s+htt 

+ J P( s+h )tPs d(p s+h - p s ) 
[PhtPs - Ps) dV\ s tPs- 

Now, the Hopf-Lax formula (13.141) and the strong convergence of f s +h,t to f s ,t in L 1 (X, m) 
yield 

lim ^ ( J Ps+h dp s+ h,t - J p s dp s+h ,?j = ~ J \DLps\ 2 dp s ,t- 
The differentiability of p s in L 1 (X, m) yields 

h' 1 J P( s +h)tP d(p s+h - Ps) -> &(s) J P st p fs dm. (4.33) 

Finally, the next lemma yields 

h' 1 J (P ht p s - p s ) dPstPs -)• -t J f (f s ,t, Ps) dm. □ (4.34) 

Lemma 4.14. For all p E and all p = fm E 2?{X) with F(/) < oo it holds 

lim f Phip ~ (p fdm = - [ f(f,<p)dm 
WJx h J x V ,y > 
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Proof. We argue as in [5j Lemma 4.2], proving first that 

/ Pfe V^ dm = - / / f (/> p ^) dmdr - ( 4 - 35 ) 

Notice first that, possibly approximating <p with the functions ip £ := t) £ ip whose laplacian 
is in L°°(X, m), in the proof of (I4.35P we can assume with no loss of generality that Agip G 
L°°(X,m). Indeed, (14.81) and the strong convergence in T norm of P r /j</? £ to P r h<P ensure the 
dominated convergence of the integrals in the right hand sides, while the convergence of 
the left hand sides is obvious. 

Assuming A £ y2 G L°°(X, m), since 

P/t ^ lf gdm = J^ J gA & P rh ipdmdr 

for all g G L 2 (X, m) we can consider the truncated functions g^ = min{/, N} and pass to 
the limit as N — > oo to get that / satisfies the same identity. Since AgP^y? = P^Aey? G 
L°°(X,m) we can use flM} to obtain (|Q5)) . 

Having established ( 14.35(1 . the statement follows using once more (14. 8(1 and the strong 
convergence of PrhP to (f in T norm. □ 

Under the same assumptions of Lemma 14.131 the same computation leading to ( 14.32(1 
(actually with a simplification, due to the fact that ip is independent on s) and ( 14. 10(1 give 

<P&P.,t = J^(s)Pj s + tP st A { pfs)vdm. 

for if^a-e. s G (0,1) and all y? G V^. Here we used the fact that A*p(P r g) = P r A [ pg 
whenever g G D(A^). Since A^/ G C([0, 1]; L X (X, m)), the right hand side is a continu- 
ous function of s, hence 



d_ 



/ y> dp M = / (t?, Pj s + t P st A { pf s )cp dm for every s G (0, 1). (4.36) 
Jx Jx 

For e > 0, let us now consider the regularized entropy functionals 

E E (p) := / e £ (/)dm, where e' £ (r) := log(e + r Ae" 1 ) G Lip([0,oo)), e e (0) = 0. (4.37) 
Jx 

Since we will mainly consider functions / with finite Fisher information, we will also 
introduce the function 

p £ (r) := e' £ (r 2 ) — logs = \og(e + r 2 A e" 1 ) — loge. 

Since p e is also Lipschitz and p e (0) = 0, we have 

feL\{X,m), F(/)<oo <(/) - loge = p £ (V7) G V. 
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Lemma 4.15 (Derivative of E £ ). With the same notation of Lemma \4-13[ if p is regular 
and t > we have for g £ s t := p e (\/ f s ,t) 

E e {pi, t ) - E s (po >t ) < f ( - 1 I f s , t T(gl t ) dm + # s [ P st {gl t )f s dm) da. (4.38) 



Proof. The weak differentiability of s K f s ,t (namely, in duality with functions in V^) 
given in (14.361) can, thanks to the continuity assumption made on Ag f s , turned into 
strong L X (X, m) differentiability, so that 



fs,t = $s Pjs + t Psti^fs) in L\X, m), for all s e (0, 1) 



ds 



(4.39) 



Since e e is of class C 1,1 , it is easy to check that this implies the absolute continuity of 
s (—7- E £ (p st ). In addition, the mean value theorem gives 



ds 



E £ (p s , t ) = Jim / e' £ (f s 



ls,t 



X 



^ dm Vse(0,l). 



Notice also that Lemma 1431 with / = f Sjt and u = e' £ — logs gives (since e' e (f Sj t) — loge 
Pe(s/ fs,t) is nonnegative and integrable and P st (Ag f s ) = Ag (P st / S ) has null mean) 



/ P*(A«/.te(/.,t)<h»<-4 / /^U,i)r( v / ^)dm. 
J x J x 



(4.40) 



Now we use (14.391) . (I4.40|) and conclude 



j- s E £ (p s ,t) < -t I Af s>t e^f Sit )T(y% t ) dm + i^ s I (e' £ (f Sit )-\oge)P s>t f s dm. 



x 



X 



On the other hand, since 4re"(r) > 4r 2 (e"(r)) 2 = r(p' £ (\/r)) 2 , we get 

-4/ a , te ^(/ a , t )r(v^) < -/ s ,i(^( v / ^)) 2 r(v / ^) = -/., t r(p e (v9Q) 

and an integration with respect to s and the definition of g e st yield (14.381) . 



□ 



Theorem 4.16 (Action and entropy estimate on regular curves). Let p s = f s m be a regular 
curve. Then, setting p\ t = H t p 1; it holds 

W*(p , p 1>t ) + 2tEnt m (pi, t ) < R 2 K (t) [ \p s \ 2 ds + 2tEnt m (p )- (4.41) 

Jo 



where 



R K (t) 



t Kt 



ifK^O, R (0 = 1- 
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Proof. Set p s ,t,fs,t as in Lemma 14.131 Pe(r) = e' £ (r 2 ) - loge, g £ st = p E (\/7^t) as in 
Lemma 14.151 <7e( r ) := \A"(2 — Vrp' £ (y/r)) , and ip a := Q s ip for a Lipschitz function ip 
with bounded support. 
Notice that by (ESJ) 

f = 2 v /^r( A /^,v9 s ) = f Sjt r(g £ st ,ip s ) + q e (fs,t)T(y/f^t,ip 8 ). 

Applying (I4.32p . (14.381) in the weaker form 

tE £ (p ltt )-tE e (p 0tt )< I (-^ / _/.,*r(^ t )dm + t7? a [ P st (g £ s , t )f s dm)ds. 



x 



x 



and eventually the Young inequality 2rq/ < ax 2 + y 2 /a in (14.311) with a := $ s e 2i ^ s * ) we 
obtain 



/ <px dp ljt - <p dp 0it +t(E £ (p 1>t ) - E £ (p 0jt ) 

J X J X 

r fe»^) dp s ,t-tj qs(f s ,t)r(\i r Ut,<Ps) dm J ds 



< / K / /. p «t ^ + % dm 



A" 



A 



- * y Qe{fs,t)^{y%t,<fs) dmj ds 



A 



< / ( $s I fsPst ( ^ + tg £ Sit ) dm - -e 



•2Kst 



X 



T(P st (cp s + tgl t ))dp s 



< 



+ t J \q £ (f s>t )\ \r(y%t, <p.) I dm) ds 
f (^(^) 2 e- 2 ^|p s | 2 + i6F(p.J + ±^ q 2 e (U t )\Dvs\ 2 dm) ds. 



Now we pass first to the limit as e 4 0, observing that p' £ (r) = 2r(e + r ) X r 2 <e -i gives 



g 2 (r) = 4r 1 



and then as 5 4 0; choosing 



e + r 



X r<e -i<4r, limg 2 (r) = 0, 

e|0 



we obtain 



<Pi 



x 



0(s) := so that 0(s) = R^(t)e^, 



dpi,* - y ipodpo )t + ^Ent m (p M ) - Ent m (p ,t)) < ^K{t) J \p s \ 2 ds. 
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Eventually we take the supremum with respect to ip, obtaining 

-W|(p lif ,p ) + ^(Ent TO (p M ) - Ent TO (p ,t)) < ^R 2 K {t) J \p s \ 2 ds. □ 

Theorem 4.17 (BE(A, oo) is equivalent to RCD(A, oo)). If (X, r, m, £) is a Riemannian 
Energy measure space satisfying (MD.exp) relative to and BE(A, oo), then (X,d^,ra) 
is a RCD(A, oo) space. 

Conversely, if (X, d, m) is a RCD(A, oo) space then, denoting by r the topology induced by 
d and by £ = 2Ch the Cheeger energy, (X, r, m, £) is a Riemannian Energy measure space 
satisfying dg = d, flMD.exp ), and BE(A, oo). 

Proof. Let p, v £ ^2 (A) with finite entropy. We have to show that (I3.26|) holds with Y\ t p 
precisely given by the dual semigroup. By the semigroup property, it is sufficient to prove 
f[3T26j) at t = 0. For any p £ AC 2 ([0, 1]; (V 2 (A), W 2 )) joining p := v to p 1 := p we find 
regular curves p n as in Proposition 14.111 and apply the action estimate (14.411) to the curves 
p n st = H S fp" to obtain 

W^Htpl pi) + 2tEnt m (H^) < R 2 K (t) f \p n s \ 2 ds + 2tEnt m (p£). (4.42) 

J o 

We pass to the limit as n — > oo and use the lower semicontinuity of W 2 and of the entropy, 
to get 

W 2 {H t p, u) + 2tEnt m (Pip) < R 2 K (t) [ \p s \ 2 ds + 2tEnt ro (v). 

Jo 

We can now minimize w.r.t. p and use the fact that («^2p0> W2) is a length space because 
(X, d) is (this can be obtained starting from an optimal Kantorovich plan 7r, choosing in a 
7r-measurable way a e-optimal geodesic with constant speed as in the proof of Theorem l3.5l) . 
getting 

W 2 (H t p, v) + 2tEnt m (P t p) < R 2 K {t)W 2 {p, v) + 2tEnt m (z/). 

After dividing by t > 0, letting t \, and using (t) = 1 — yt + o(£) we obtain (I3.26p . 

The converse implication, from RCD(A, 00) to BE(A, 00) has been proved in [5j Sec- 
tion 6]. □ 

We conclude with an immediate application of the previous result to metric measure 
spaces: it follows by Theorem 13.171 and Corollary 13.181 Notice that for the Cheeger energy 
condition (ED.b) and upper-regularity are always true. 

Corollary 4.18. Let (X, d,m) be a metric measure space satisfying (MD+exp) with a 
quadratic Cheeger energy Ch defining the Dirichlet form £ = 2Ch as in QQChp . (X, d, m) 
is a RCD(A', oo)-space if (and only if) at least one of the following properties hold: 

(i) (Pt)t>o satisfies property (I3.6ip . i.e. for every function f £ D(Ch) with \Df\ w < 1 
and every t > 0, 

P t f £ Lip 6 (X), \BP t f\ 2 < e~ 2Kt P t (\Bf\ 2 w ) m-a.e. m X. (4.43) 
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(ii) Conditions (ED. a), (1w-FellerP (or L = Lq), and BE(K, oo) hold. 

(Hi) Condition (ED. a) holds and (H t ) t > satisfies the contraction property (13.661) (or 
(P*)t>o satisfies the Lipschitz bound (I3.60P ). 



5 Applications of the equivalence result 

In this section we present two applications of our equivalence result: in one direction we 
can use it to prove that the RCD(K, oo) condition is stable under tensorization, a property 
proved in [5] only under a non branching assumption on the base spaces. We will also 
prove the same property for Riemannian Energy measure spaces satisfying the BE(K, N) 
condition, obtaining in particular the natural bound on the dimension of the product. 

In the other direction, we shall prove a stability result for Riemannian Energy measure 
spaces satisfying a uniform BE(i^, N) condition under Sturm-Gromov-Hausdorff conver- 
gence. 



5.1 Tensorization 

Let (X, dx,mx), (^dy,my) be RCD(K, oo) metric measure spaces. 
We may define a product space (Z, d, m) by 

Z:=XxY, d((x,y),(x',y')) := ^d 2 x (x, x') + d 2 Y {y, y'), m:=m x xm Y . (5.1) 



Notice that also m satisfies the quantitative cx-finiteness condition ( MD.expj ). 

Denoting by £ x , £ y the Dirichlet forms associated to the respective (quadratic) Cheeger 
energies with domains Y x , V Y , we consider the cartesian Dirichlet form 

£(/):= f Z X (f y )dm Y (y)+ [ £ x (r)dm x (x) /eL 2 (Z,m), (5.2) 

JY J X 

where for every / £ L 2 (Z,m) and z = (x, y) £ Z we set f x = f(x, •), f y (-) = f(-,y)- By 
[51 Thm. 6.18] the proper domain V of £ in L 2 (Z, m) is the Hilbert space 

{/ £ L 2 (Z,m) :f x £ V y for m x -a.e. x £ X, f y £ Y x for m y -a.e. y £ Y 

1 2 , (5-3) 

\Dr\ w (y), PP\ w (x)eL 2 (Z,m)}, 



V := 



|£ coincides with the Cheeger energy Ch in (Z, d,m), and 

\Bf\ 2 w (x, y) = T(f)(x, y) = \Vf x \ 2 w {y) + |Df U(x) 2 m-a.e. in Z. (5.4) 

Even though the result in [5] is stated for finite metric measure spaces, the proof extends 
with no difficulty to the a-finite case. Also, it is worthwhile to mention that the curvature 
assumption on the base spaces plays almost no role in the proof, it only used to build, via 
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the product semigroup, an operator with good regularization properties (specifically from 
L°° to C fe ), see [5j Lemma 6.13] 

It will be convenient, as in [5] and in the previous sections, to work with a pointwise 
defined version of the semigroups in the base spaces, namely 



for u : X — > E and v : Y — )■ R bounded Borel, where (H^) t > and (Hf ) t > denote 
the Wasserstein semigroups on the base spaces. These pointwise defined semigroups also 
provide the continuous versions of fIS-Fellerl) for the base spaces, see (5], Theorem 6.1(iii)]. 

Since the heat flows are linear, the tensorization (15 .4p implies a corresponding ten- 
sorization of the heat flows, namely for all g : Z — > R bounded and Borel, m-a.e. in Z the 
following identities hold: 



With these ingredients at hand, we can now prove the main tensorization properties. 

Theorem 5.1. With the above notation, if (X, dx, vcix) and (Y, dy,my) are RCD(A, oo) 
spaces then the space (Z, d,m) is RCD(A, oo) as well. 

Proof. According to the characterization of RCD(A', oo) given in point (i) of Corollary 
I4.18[ since the Cheeger energy in Z satisfies QQCh[ ) by the above mentioned result of [5], it 
suffices to show that the length space property and (14.431) are stable under tensorization. 
Stability of the length space property. This is simple to check, one obtains an almost 
minimizing geodesic 7 : [0, 1] — > Z combining almost minimizing geodesies on the base 
spaces with constant speed and parameterized on [0, 1]. 

Stability of (14.431) . Let us first notice that Pt maps bounded and Borel functions into 
continuous ones, thanks of any of the two identities in ( 15.51) and ( IS-Fellerj) . 

Let / e Lip b (Z) n L 2 (Z, m). Keeping y initially fixed, the second identity in (I5.5P 
tells us that x (-)■ P t f(x,y) = (P t f) y (x) is the mean w.r.t. y', weighted with 5 y , of the 
functions P t x f v (x). Hence, the convexity of the slope gives 



where gradients are understood with respect to the first variable. We can thus use the 
Holder inequality to get 






(5.5) 





(5.6) 



Now, for my-a.e. y' G Y we apply (14.431) in the space X to the functions f v ' and use 
Fubini's theorem to get 



DP t x f v '\ 2 (x) <e~ 2Kt P t x Bf y ' (x) for my-a.e. y G Y . (5.7) 
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Combining (15. 6p and (15. 7p and using once more (15. 5 p with g(x,y) = \Df y \^ (x) we get 

|D(PJ)*f (*) < e~ 2Kt [ P x Dfy' 2 (x) dH t 5 y (v') = e~ 2Kt P t Pf v \l (x). 

Jy w 

Repeating a similar argument with the first identity in (15. 5p and adding the two inequalities 
we obtain 

|D( PtffWx) + |D(F*/)f (y) < e~ 2Kt P t \Dff w (x, y). 

We conclude that (14.431) holds using the calculus lemma [51 Lemma 6.2], which provides 
the information that the square root of \D(P t f) y \ 2 (x) + \D(P t f) x \ 2 (y) is an upper gradient 

of P t f. It follows that e~ Kt ^P t |D/|^ is an upper gradient as well; being continuous, it 
provides a pointwise upper bound for the slope. □ 

Let us now consider the corresponding version of the tensorization theorem for Rie- 
mannian Energy measure spaces. 

Theorem 5.2. Let (X, r x , £ x , trix), {Y, Ty, £ r , ttiy) be Riemannian Energy measure spaces 
satisfying the Bakry-Emery conditions BE(K, Nx) and BE(i^, Ny) respectively, and let us 
consider the cartesian Dirichlet form £ defined by (15. 2 p on Z = X x Y endowed with the 
product topology r = Tx <E> Ty and the product measure m as in (15. ip . 

Then (Z, r, m, £) is a Riemannian Energy measure space, it satisfies the Bakry-Emery 
condition BE(i^, Nx + Ny) and the induced distance on Z coincides with the product 
distance defined in (15. ip . 

Proof. It is not restrictive to assume that Nx,Ny < oo; by the previous Theorem we 
already know that (Z, r, m, £) is a Riemannian energy measure space satisfying BE(K, oo) 
whose induced distance dg is given by (15. ip ; we want to prove that (I2.58P holds with 
v z '■= vxVyjiyx + vy) where u x '■= N^ 1 and v Y := Ny 1 . We argue as in (15. 7p . observing 
that for my-a.e. y' E Y (ESHJ) and <^M> yield 

\DP t x fy'\ 2 + 2u x h K , 2 (t)(A x P t x fy'Y<e- 2Kt P t x \Dfy'\ 2 w . (5.8) 

Integrating with respect to the measure Hj S y in y' and recalling (I5.5P and (15. 6p . we get 

\D(P x f)y\ 2 (x) + 2u x l 2Kt2 (t)(A x (P t m 2 (x) < e- 2A ^P t (|D^|^)(x) m-a.e. in Z, (5.9) 

where we also used the Holder inequality 

J (A x p x fy') 2 (x)dH t 5 y (y') > (J Y ^xP t x f y '(x)dH t 5 y (y')) 2 = (A x P t f) 2 W. 

By repeating a similar argument inverting the role of X and Y we get 

\B(P^fr\ 2 w (y) + 2uyl 2Ka (t)(Ay(P t fr) 2 (y) < e- 2Kt P t (\Dr\ 2 w )(y) m-a.e. in Z. (5.10) 
Summing up (15. 9 p and (I5.10p . and recalling the elementary inequality 

v x a 2 + vyh 2 > — X Y (a + b) 2 for every a, b > 0, 
v x + Vy 

we conclude thanks to the next simple Lemma. □ 
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Lemma 5.3. If f G V satisfies 

P G D(A X ), f x G -D(Ay) /orm-a.e. G Z, A x f\ A Y f x G L 2 (Z,m). (5.11) 

tfien / G £>(A Z ) and A z f(x,y) = A x f y {x) + A Y f x {y) ra-a.e. in Z. 

Proof. If (15.111) holds, Fubini's theorem and the very definition of A^, Ay yield for every 
(f G V 

£(/,¥>) = / £ x (f,^)dm y (y)+ / £ y (r,^)dm x (x) 

A x /V dm x ) dm y - ( J A Y f x ip x dm y ) dm x 



Y x J X 



-J (Axfy + Ayf^cpdm. □ 



5.2 Stability 



We refer to [391 § 3.1], [5], §2.3] for the definition of Sturm-Gromov-Hausdorff convergence 
of metric measure spaces. For the sake of simplicity, we restrict here to the case when G 



£p2(X n ). The general case of cr-finite measures satisfying (MD.exp) could be attacked 
by the techniques developed in [22], assuming that (MD.exp) holds uniformly along the 
sequence. 

Theorem 5.4. Let (X n , r„, £ n , m n ) be Riemannian energy measure spaces satisfying 
BE(K,N) with m n G ^ 2 (^n) an d let us suppose that, denoting by d n the corresponding 
distances d^ n , (X n ,d n ,m n ) converge to (X, d,m) in the Sturm-Gromov-Hausdorff sense. 

If |£ i/ie Cheeger energy in the limit space and r the limit topology, then (X, r, m, £) 
is a Riemannian Energy measure space satisfying BE(K, N). 

The proof is based on a general criterium of convergence, strongly related to the theory 
of Young measures, for sequences of functions defined in L 2 -spaces associated to different 
measures (see e.g. [2], §5.4]). We first make precise this notion of convergence and a few 
simple properties. 

Let us recall that by [51 Prop. 2.6] it is not restrictive to assume that 

X n = X, d n = d and m n are converging to m in & 2 {X). (5.12) 

(one has just to take care that in general m n ,m could be not fully supported). We denote 
by (P t n ) t > the Markov semigroups in L 2 (X, ra„) with generators A n := Agn. 

Consider a sequence of vector valued functions f n G L 2 (X,m n ;M. k ), k G N, and a 
candidate limit / G L 2 (X, m; M fc ). We say that f n converges to / as n — > oo if 

(t x /J tt m n (i x /)„m in ^ 2 (X x M fc ). (5.13) 

We will use three properties: 
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(i) ( 15.130 is equivalent to the convergence of each component fl, j = 1, . . . , k, to f 3 (e.g. 
by applying [21 Lemma 5.3.2]). 

(ii) In the scalar case k — 1, if f n satisfy 

lim / f n tpdm n = / f<p dm for every (p £ Cb(X), 

Jx Jx (5.14) 

lim / fl dm n = f 2 dm, 



A 



then f n converges to / according to (15.131) . The proof follows the same arguments of 
[21 Thm. 5.4.4] (the fact that the base space X is a general metric space instead of 
an Hilbert space is not relevant here). A similar result holds if f n £ L\.(X, m n ) are 
uniformly bounded probability densities satisfying 

/A^/m in ^(X), lim / / n log / n dm n = / /log f dm. (5.15) 

(hi) Finally, if r : R fe — > M. h is a continuous map with linear growth, and f n converge to 
/ according to (15.131) then r o f n converge to r o /. 

Property (EJ) follows by the fact that a probability measure in W h is a Dirac mass if and only 
if its coordinate projections are Dirac masses, while property (In]) follows by the fart that, 
for strictly convex functions, equality holds in Jensen's inequality only when the measure 
is a Dirac mass. The proof of (lm]) is straightforward. 



Lemma 5.5. Under the same assumptions of Theorem 5.4 and ( 15. 12ft . let us assume that 



f n G L°°(X,m n ) converge to f £ L°°(X, m) according to (15.131) . witt uniformly bounded 
L°° norm. Then P™f n converge to P t f for every t > and A„P t n / n converge to A^P t f as 
n — > oo /or every t > 0. 

Proof. When / n are probability densities the statement follows by applying (In} and the 
convergence results of [5J Theorem 6.11] (which shows that P t n / n m n converges to Pt/m in 
^ 2 (X)) and [22] (which yields the convergence of the entropies Ent mn (/ n m n ) — > Ent m (/m)). 

The case f n £ L\{X, m) can be easily reduced to the previous one by a rescaling, since 
J x fn dirin - > fx f dtn by (I5.13P and (Pt n )f>o is mass preserving. 

The general case can be proved by decomposing each f n into the difference /+ — /~ of 
its positive and negative part, observing that converge to f^ 1 thanks to dm]). Thus, by 
([I]) it follows that (P/ 1 /^, Pffn) converge to (Pf/ + , Ptf~) and a further application of (lm]) 
yields the convergence result by the linearity of the semigroups. 

In order to prove the convergence of A n P™f n we still apply (jn]): recall that P/ 1 are 
analytic semigroups in L 2 (X,m n ), A n P"/ n = ^P™/„, and the uniform estimates (see e.g. 
[351 Page 75, step 2]) 

d' 



t 3 



pn r 



< Aj\\fn\\L\x,m n ) for every t > 0, n £ N (5.16) 

L2(X,m„) 
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hold with universal constants Aj for every t > 0. Since we just proved that for every 
<f G Cb(X) the sequence of functions ( n (t) := f x P™f n <p dm n converge pointwise to the 
corresponding ( as n — >• oo, (15. 16ft yields that 

lim C n (t) = lim f A n P t n f n <pdm n = ('(t) = [ A e P f /^dm for every t > 0. 

The same argument holds for 

t ^ ^(A„P/7n) 2 dm n = i^^(P™/ n ) 2 dm„. □ 

Proof of Theorem \5.4\ The case N = oo follows by the identification Theorem 14 . 1 71 and 
[5], Thm. 6.10]. In particular, the limit space endowed with the Cheeger energy and the 
limit topology is a Riemannian Energy measure space. 

We can thus consider the case N < oo. By [51 Lemma 6.12] and the previous point On]), 
for every f,<p G L°°(X, m), 99 nonnegative, we can find sequences f n ,f n G L°°(X, m n ), <^ n 
nonnegative, converging to /, y> according to (15.131) . We can also suppose that f n ,<p n are 
uniformly bounded by some constant C > 0. 

Applying the previous Lemma 15.51 we get that P t " s / n converge to Pt- S f and PjVn 
converge to P s tp as n — > 00 for every t > and s G [0,t]. Applying (pO) to the function 
/ n := (P t - S fn, P^fn) and choosing the test function i/j(x, r\, r 2 ) = r 2 r 2 Sc(?"2), (^,^1,^2) G 
IxK 2 (with S defined in flS32D ), we obtain 

lim / (P t n _J n ) 2 P^ n dxn n = lim / ^d(ix/J s m n = / ^d(ix/)„m= / (P t _ s /) 2 P S </? dm. 
A similar argument yields 

lim / (A^„J n ) 2 P s > n dm n = / (A £ P^J) 2 P s ^dm for every t > 0, se[0,i). 

We can then pass to the limit in the distributional characterization (12. 55ft of BE(K, N). The 
case of general / G L 2 (X, m) can then be recovered by standard approximation. □ 
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